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Hyperbolic Advection-Diﬀusion Schemes for
High-Reynolds-Number Boundary-Layer Problems
Hiroaki Nishikawa∗and Yi Liu†
National Institute of Aerospace, Hampton, VA 23666
This paper discusses issues in hyperbolic advection-diﬀusion schemes for high-Reynolds-number
boundary-layer problems. Implicit hyperbolic advection-diﬀusion solvers have been found to encounter significant convergence deterioration for high-Reynolds-number problems with boundary
layers. The problems are examined in details for a one-dimensional advection-diﬀusion model,
and resolutions are discussed. One of the major findings is that the relaxation length scale needs
to be inversely proportional to the Reynolds number to minimize the truncation error and retain
the dissipation of the hyperbolic diﬀusion scheme. Accurate, robust, and eﬃcient boundary-layer
calculations by hyperbolic schemes are demonstrated for advection-diﬀusion equations in one and
two dimensions.

I.

Introduction

The hyperbolic method is an approach to deriving spatial discretizations of diﬀusion terms via a hyperbolic
formulation [1, 2]. The method has recently been extended to the three-dimensional Navier-Stokes equations [3,
4] and unsteady viscous flows [5] towards the development of eﬃcient high-order viscous solvers for practical
applications. In this method, viscous discretizations are simplified by formulating the viscous terms as a firstorder hyperbolic system and thus allowing inviscid methods to be directly applicable to the viscous terms. The
hyperbolic formulations are deliberately constructed so as to preserve the equivalence to the viscous terms in the
steady form. As a result, the resulting spatial discretization is always consistent with the original viscous terms
expressed in the form of a first-order system. The method is closely related to the so-called mixed formulation [6]
in that both discretize a diﬀusive term in a first-order system form, but significantly diﬀers in that the hyperbolic
method treats the first-order system as a hyperbolic system by adding pseudo time derivatives with a relaxation
time [7]. The hyperbolic diﬀusion system is also similar to those employed in stiﬀ relaxation methods [8, 9, 10],
but again fundamentally diﬀers in that in the hyperbolic method, the relaxation time is a free parameter and
thus the source terms are not stiﬀ at all. In two dimensions, a hyperbolic viscous system termed HNS14 has
been constructed with the viscous stresses and the heat fluxes introduced as additional variables [11, 12], and
an extended version termed HNS20 has been proposed in Ref.[13], which has the density gradient, the velocity
gradients, and the heat fluxes as additional variables, to enable higher-order approximations to the inviscid terms.
These hyperbolic viscous systems are discretized by upwind schemes, and added to a conventional inviscid scheme
to generate hyperbolic Navier-Stokes (HNS) schemes. The resulting HNS schemes have been shown to bring various
key improvements to conventional unstructured-grid solvers, e.g., high-order derivative predictions on unstructured
grids. Ref.[3] demonstrates that the three-dimensional version of HNS20 has a complete eigen-structure with linearly
independent eigenvectors for the viscous system, and the upwind HNS20 scheme produces high-quality derivatives
for three-dimensional viscous flow problems on unstructured grids. Later, Ref.[4] presented verification studies for
third-order accuracy in the inviscid term approximation, the high-order derivative prediction capability for various
viscous flow problems in three dimensions, and eﬃcient drag predictions over conventional schemes. Extensions to
unsteady viscous computations have been demonstrated in Ref.[5].
During the development towards practical HNS unstructured-grid solvers, however, it has been found that the
HNS solvers encounter diﬃculties for high-Reynolds-number flows involving boundary layers. It has been pointed
out [14, 15] that the relaxation length scale associated with the HNS formulations needs to be reduced from a
1
standard value of 2π
in such flows, or iterative solvers may diverge. To address the issue, Ref.[4] proposed an
improved length scale definition as a function of the free stream Reynolds number. Although successful for the
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test cases presented, the mechanism behind was not completely understood. The objective of this paper is to
investigate the issue in details and provide practical resolutions. The problem is examined for a one-dimensional
advection-diﬀusion model, and resolutions are discussed. This study focuses on the edge-based discretization, which
has been one of the main target discretization methods in the hyperbolic method [3, 4, 11, 7, 12, 13, 16]. However,
the results are relevant to other discretization methods, including finite-volume and finite-diﬀerence methods.
Proposed resolutions are critically assessed for one- and two-dimensional advection diﬀusion equations, and the
viscous Burgers equation. Extensions to the HNS schemes require additional considerations, and will be discussed
elsewhere.
As it will turn out, the problem can be traced back to a lack of dissipation, or equivalently of high-frequency
damping, in a boundary layer. Traditionally, analyses of numerical schemes for boundary layer problems focus on
accuracy and dissipative behaviors of advection schemes (see, e.g., Refs.[17, 18, 19, 20]). That is, non-dissipative
schemes fail to damp out high-frequency error modes and generate oscillations on under-resolved grids, and upwind
schemes provide suﬃcient damping to suppress the oscillations. The focus on the advection schemes is due to the
diﬃculty of controlling the damping property of the central diﬀusion scheme. Consider the central scheme for the
advection-diﬀusion equation in one dimension, a∂x u − ν∂xx u = 0:
a

uj+1 − uj−1
uj+1 − 2uj + uj−1
−ν
= 0,
h
h2

(I.1)

where a and ν are positive constants, and h is the mesh spacing of a uniform grid. This scheme can be written in
the conservative form, fj+1/2 − fj−1/2 = 0, with the numerical flux [21],
fj+1/2 =

1
a
(fj+1 + fj ) −
(uR − uL ),
2
Reh

(I.2)

where Reh = ah/ν, fj = auj − ν(uj+1 − uj−1 )/(2h), fj+1 = auj+1 − ν(uj+2 − uj )/(2h), uL = uj + (uj+1 − uj−1 )/4,
and uR = uj+1 + (uj+2 − uj )/4. The second term provides the high-frequency damping, but it will be reduced for
large-Reh grids, where the damping eﬀect is critically important for eliminating unresolved high-frequency modes.
The well-known mesh-Reynolds-number restriction for this scheme, Reh ≤ 2, implies that the damping coeﬃcient
needs to be retained such that a/Reh ≥ a/2; the lower bound corresponds to the dissipation coeﬃcient from the
upwind advection scheme. Therefore, the restriction can be easily removed by the use of upwind schemes for
advection, totally avoiding a practically diﬃcult task of generating grids with Reh ≤ 2. In hyperbolic advectiondiﬀusion schemes, the dissipation matrix of hyperbolic diﬀusion schemes diminishes for high-Reynolds numbers
as will be shown later, but it cannot be compensated by upwind advection schemes. This is because a scalar
dissipation term from upwind advection schemes cannot recover the full dissipation matrix of hyperbolic diﬀusion
schemes. Analysis should, therefore, directly address the damping property of hyperbolic diﬀusion schemes. In
this paper, however, instead of directly tackling the dissipation issue, we approach the problem by investigating
accuracy with the classical modal analysis [19]. For a first-order hyperbolic advection-diﬀusion scheme, we derive
an optimal length scale that minimizes the first-order error, and then show that it will prevent the dissipation
coeﬃcient from vanishing for high Reynolds numbers. We will then perform Fourier analyses to confirm that this
optimal length scale resolves issues in iterative solvers when applied to advection-diﬀusion problems.
In the hyperbolic method, two diﬀerent constructions have been proposed: Scheme-I and Scheme-II [7, 16].
Scheme-I is a straightforward discretization of the hyperbolic formulation. Scheme-II is a more eﬃcient construction,
where the gradient variables are used directly to construct a high-order reconstruction of the solution variables and
upgrade the order of approximation in inviscid terms [3]. An improved variant of Scheme-I, termed Scheme-IQ, has
been proposed in Ref.[4] as a practical alternative to Scheme-II; it uses the gradient variables indirectly to construct
higher-order gradients and achieve the same inviscid scheme improvement as Scheme-II. In this paper, these schemes
are examined for boundary layer problems. It will be shown that Scheme-IQ can be made robust and accurate
for boundary-layer calculations, but Scheme-II is subject to a serious mesh-Reynolds-number restriction, and can
easily fail for high-Reynolds-number boundary-layer problems. Note that, in the context of the presented work,
the word ’robust’ implies that a solver converges and produces a numerical solution for all test cases considered.
The optimal length scale derived for the first-order scheme will be extended to second-order schemes and the
viscous Burgers equation. A correction factor will be derived by minimizing the number of negative roots in the
modal analysis of a second-order scheme. Numerical experiments show that the second-order correction is essential
to obtain accurate solutions on under-resolved grids. Extensions to nonlinear equations require the length scale to
be dependent on the local solution, but free stream evaluations also provide practical approximations.
The paper is organized as follows. In Section II, the target discretization and solver are described. In Section
III, upwind fluxes constructed based on a unified hyperbolic formulation are presented. In Section IV, issues
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and resolutions are discussed in details for a linear advection-diﬀusion equation. In Section V, extensions to the
viscous Burgers are discussed. In Section VI, numerical results are presented. Section VII, concludes the paper
with remarks and a summary of findings.

II.
II.A.

Target Model System, Discretization, and Solver

Target Model System

Consider a steady advection-diﬀusion equation in one dimension:
∂x (f a + f d ) = 0,

(II.1)

where f a and f d denote the advective and diﬀusive fluxes, respectively:
f a = f a (u),

f d = ν ∂x u.

(II.2)

In this study, we assume that the diﬀusion coeﬃcient ν is a positive constant, but allow the advective characteristic
speed a(u) = ∂f a /∂u to be negative. Solutions are sought in the domain x ∈ [0, 1] with two boundary conditions
u(0) = 0 and u(1) = U∞ , where U∞ is a given constant. In the hyperbolic method, the steady advection-diﬀusion
equation is reformulated as a first-order system of the form:
ν !
p"
∂τ u + ∂x f a = ∂x p, ∂τ p =
∂x u −
,
(II.3)
Tr
ν
where τ is a pseudo time variable. The first-order system is hyperbolic in τ as proved in Ref.[2]. The parameter
Tr , which is called the relaxation time, is a free parameter that can be determined to accelerate convergence to the
pseudo steady state [1, 2]. For the target discretization considered here, it is defined as [7, 16]
Tr =

L2r
,
ν

(II.4)

where Lr is a relaxation length scale, which has been determined in Ref.[7] to maximize error propagation eﬀects
as
Lr =

1
.
2π

(II.5)

This value appears also as the leading term of an optimal formula derived for a hyperbolic residual-distribution
scheme for diﬀusion [1]. It may be considered as an optimal leading formula for general diﬀusion schemes, and for
this reason, we specifically denote
Ld ≡

1
,
2π

(II.6)

which will be referred to as the diﬀusion length scale to emphasize that it is targeted for pure diﬀusion problems.
The target system (II.3) is written in the vector form as
P−1 ∂τ u + ∂x f = s,

(II.7)

where
P

−1

=

#

1
0

0
Tr /ν

$

,u =

#

u
p

$

a

d

,f = f + f =

#

f a (u)
0

$

+

#

−p
−u

$

=

#

f a (u) − p
−u

$

,s =

#

0
−p/ν

$

. (II.8)

Note that the hyperbolic system formulation (II.7) is a nonlinear-type formulation applicable to variable viscosities
introduced for the Navier-Stokes equations in Ref.[11]. It is important to note that the system (II.7) is equivalent to
the steady advection-diﬀusion equation (II.1) when ∂τ u = 0, i.e. when we either integrate the system to a pseudosteady state or simply drop the pseudo-time derivative. The steady equivalence implies that a spatial discretization
of the system is consistent with the original steady advection-diﬀusion equation (II.1). In this sense, the hyperbolic
method can be considered as an approach to deriving a consistent spatial discretization for diﬀusion terms.
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II.B.
II.B.1.

Target Discretization
Node-Centered Edge-Based Discretization

The main target discretization method is a node-centered edge-based method [3, 4, 5, 7, 11, 12, 13, 16], which
defines the residual at an interior node j on a one-dimensional grid [x0 = 0, x1 , x2 , · · · , xN = 1] as
%
&
Φj+1/2 − Φj−1/2
Resj = −Pj
+ sj , j = 1, 2, · · · , N − 1,
(II.9)
∆xj
where Φ denotes a numerical flux and ∆xj = (xj+1 − xj−1 )/2 is the dual control volume around the node j. The
residuals at boundary nodes will be discussed later in Section II.B.4. Note that the pseudo time derivative has
been dropped, and thus the residual above is a consistent discrete approximation to the steady advection-diﬀusion
equation (II.1). The numerical flux Φ is a function of left and right states uL and uR :
Φ(uL , uR ) =

1
1
(fL + fR ) − Q (uR − uL ) ,
2
2

(II.10)

where Q is a dissipation matrix. The left and right states are defined at the interface as will be discussed later. It
is straightforward to construct an upwind dissipation matrix for the hyperbolic advection-diﬀusion system by using
the eigen-structure of the system as we will describe later. However, this unified approach is not applicable to the
compressible Navier-Stokes equations because the eigen-structure of the hyperbolic NS system has not been found
yet. To enable extensions to the compressible NS system, a simplified approach has been introduced in Ref.[11],
where the numerical flux is constructed separately for inviscid and viscous terms. For the advection-diﬀusion
equation, it leads to the following dissipation matrix (see Ref.[16]):
⎡
⎤
|a| + av
0
⎢
⎥
Q=⎣
(II.11)
⎦,
0

Tr av /ν

where av is the wave speed associated with the pure hyperbolic diﬀusion system [7]:
ν
ν
av =
=
.
Tr
Lr

(II.12)

For a nonlinear case, the advective wave speed a depends on the solution, and an eigenvalue smoothing technique
[22] is used to avoid vanishing diagonals in the residual Jacobian:
%
&
1 |a|2
|a| →
+ δ , δ = 0.25,
(II.13)
2
δ
or iterative solvers will fail.
The main subject of the present work is the investigation of issues associated with the simplified approach
used to define the dissipation matrix as in Equation (II.11). As will be demonstrated later, similar issues are not
encountered if the dissipation matrix is constructed based on the unified hyperbolic advection-diﬀusion system.
II.B.2.

Second-Order Schemes

For second-order accuracy, the left and right states are computed, for example at the face j + 1/2, by
uL = uj +

hj
(∂x u)j ,
2

uR = uj+1 −

hj+1
(∂x u)j+1 ,
2

(II.14)

where hj = xj+1 − xj , and (∂x u)j denotes the solution gradient at j computed by a linear least-squares (LSQ)
method over a set {kj } of neighbors of j:
.
(uk − uj )(xk − xj )
(∂x u)j =

k∈{kj }

.

k∈{kj }

(xk − xj )2

,
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where {k0 } = {1, 2}, {kN } = {N − 2, N − 1}, and {kj } = {j − 1, j + 1} for 0 < j < N . Similarly, the left and right
fluxes are computed as
% &
% &
hj ∂f
hj ∂f
fL = fj +
(∂x u)j , fR = fj+1 −
(∂x u)j+1 ,
(II.16)
2 ∂u
2 ∂u
which are equivalent to fL = f (uL ) and fR = f (uR ), respectively, for linear equations. The resulting scheme is
called Scheme-I [7], and achieves second-order accuracy for both u and p on irregularly-spaced grids. An economical
version, called Scheme-II [7], is obtained by replacing (∂x u)j by pj /ν:
uL = uj +

h j pj
,
2 ν

uR = uj+1 −

hj pj+1
.
2 ν

(II.17)

This scheme is more economical for two reasons. First, it does not require gradient computations for the primal
variable u. Second, it gives higher-order accuracy in the advective term. The node-centered scheme considered here
is known to achieve third-order accuracy if the gradient is computed with second-order accuracy, and in nonlinear
cases, the flux is linearly extrapolated for nonlinear cases [23]. This is exactly the case with Scheme-II because the
gradient variable p is obtained with second-order accuracy. In contrast, Scheme-I gives also second-order accurate
p, but uses first-order accurate gradients, (∂x u)j , in the linear solution reconstruction. Scheme-IQ, which is a
modified version of Scheme-I that achieves higher-order accuracy in the advective term [4], will be described later
in Section IV.C.
II.B.3.

First-Order Schemes

For analyses and implicit solver constructions, we consider first-order accurate versions of Scheme-I and SchemeII, which are defined by zero LSQ gradients. That is, the first-order version of Scheme-I is defined by
uL = uj ,

pL = p j ,

uR = uj+1 ,

pR = pj+1 .

(II.18)

and the first-order version of Scheme-II by
hj ! pj "
,
2 ν
hj+1 ! pj+1 "
uR = uj+1 −
,
2
ν
uL = uj +

pL = p j ,
(II.19)
pR = pj+1 .

Note that the latter retains the linear reconstruction for u, and therefore it is second-order accurate for the advective
term, but first-order accurate for the diﬀusive term. See discussions and results in Refs.[7, 16].
II.B.4.

Boundary Conditions

Both strong and weak boundary conditions are considered. The residuals are defined at boundary nodes as
%
&
Φ1/2 − Φ0
Res0 = −P0
+ s0 ,
(II.20)
∆x0
ResN = −PN

%

ΦN − ΦN −1/2
+ sN
∆xN

&

,

(II.21)

where the dual volumes are define by ∆x0 = (x1 − x0 )/2, ∆xN = (xN − xN −1 )/2. The weak boundary condition
is implemented through the boundary numerical fluxes, Φ0 (ub , u0 ) and ΦN (uN , ub ), where ub denotes a boundary
state, which incorporates boundary conditions. For the Dirichlet problem considered here, the boundary state is
defined as
#
$
ub
ub =
,
(II.22)
pj
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where (ub , pj ) = (2u(0) − u0 , p0 ) for Φ0 , and (ub , pj ) = (2u(1) − uN , pN ) for ΦN . The value of ub has been defined
such that the average of uj and ub gives the boundary value: (ub + u0 )/2 = u(0) at x = 0 and (ub + uN )/2 = u(1)
at x = 1. The gradient variable in the boundary state is set by the numerical value stored at the boundary node
since no boundary condition is given for p in the Dirichlet problem. These boundary residuals are solved together
with the interior residuals. For more details, see discussions in Ref.[24], where a similar weak boundary condition
procedure is discussed for a third-order cell-centered-type hyperbolic scheme.
In the strong boundary condition, we first compute the residuals at boundary nodes as described in the above.
Then, we replace the first component of the residual, Resj (1), by the following algebraic equation at boundary
nodes, j = 0 and j = N :
Res0 (1) = u0 − u(0),

ResN (1) = uN − u(1).

(II.23)

The other components Res0 (2) and ResN (2) are retained, and will be solved together with the interior residuals
and the above algebraic equations.
II.C.

Target Solver

Our target solver is an implicit defect-correction solver:
Uk+1 = Uk + ∆U,

(II.24)

where U is a global vector of numerical solutions, and the correction ∆U is defined as the solution to the linearized
system:
J∆U = −Res(Uk ),

J=

∂Res(1)
.
∂U

(II.25)

Here, Res is a global residual vector for the target spatial discretization, and Res(1) is a global vector of the
first-order version of the target scheme, which is obtained by ignoring all LSQ gradients. Note that the first-order
version of Scheme-II retains the linear reconstruction for u in Equation (II.19). Therefore, the contributions from
the gradient terms in the linear reconstruction are included in the Jacobian J for Scheme-II. The above implicit
solver becomes Newton’s method for solving the first-order residual equations, and converges to machine zero within
10 iterations (or in 1 iteration for a linear problem), which has been utilized to check the Jacobian implementation.
The linear system may be directly inverted or relaxed by a relaxation scheme. In this study, we relax the system
by the sequential or multi-color Gauss-Seidel (GS) relaxation scheme to take advantage of the reduced numerical
stiﬀness by the hyperbolic method.

III.

Dissipation Matrix by Unified Advection-Diﬀusion Eigen-Structure

For completeness and comparison, this section provides the construction of the dissipation matrix Q based on
the full eigen-structure of the hyperbolic advection-diﬀusion system (II.7). The hyperbolic formulation considered in
this paper is similar to the one introduced in Ref.[11], and slightly diﬀerent from that used in Ref.[2]. Also, here, we
consider a more general case where a is allowed to be negative; Ref.[2] considers only positive values of a. The unified
approach allows a systematic and straightforward construction of numerical schemes for the hyperbolic advectiondiﬀusion system. As will be demonstrated later, the resulting schemes yield accurate solutions to boundary-layer
problems. However, extensions to complex systems remain diﬃcult. In particular, eigenvalues for the hyperbolic
Navier-Stokes system as a unified system have not been found yet in a closed form although the hyperbolicity has
been claimed in one dimension in Ref.[10]. The scheme that employs the dissipation matrix presented below and
the economical reconstruction (II.17) is referred to as Scheme-II(JCP2010), and will be used for comparison.
III.A.

One Dimension

Consider the preconditioned flux Jacobian, which characterizes the wave structure of the hyperbolic advectiondiﬀusion system (II.7):
#
$
∂f
a
−1
PA = P
=
.
(III.1)
∂u
−ν/Tr 0
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Its eigenvalues can be expressed as
λ1 = a− − av ≤ 0,

λ2 = a+ + av ≥ 0,

(III.2)

where
a− = min(0, a),

a+ = max(0, a),

av =

ν
,
Lr

for the relaxation time Tr defined as in Ref.[2]:
#
$
0
Lr
1
Reπ
2
/
Tr =
, Lr =
+ 1+ /
,
|a| + av
2π
1 + Re2π + 1
1 + Re2π + 1

(III.3)

Reπ ≡

|a|(1/π)
.
ν

The right-eigenvectors are slightly diﬀerent from those in Ref.[2]:
⎡
⎤ ⎡
⎤
1
1
1
1
⎦=⎣
⎦.
R=⎣
λ2 λ1
a+ + av a− − av

(III.5)

The absolute Jacobian relevant to the construction of the upwind flux is obtained as
⎡
!
"
2
a
|Re
|
+
2
|Re
|
+
2
v
L
L
r
r
⎡
⎤
ReLr
⎢
−
⎢
|λ1 |
0
|Re
|
+
2
|Re
Lr
Lr | + 2
⎦ R−1 = ⎢
|PA| = R ⎣
⎢
⎢
0
|λ2 |
⎣
a2 ReLr (|ReLr | + 1)
2av (|ReLr | + 1)
− v
|ReLr | + 2
|ReLr | + 2
where

ReLr =

aLr
a
=
,
ν
av

|ReLr | =

(III.4)

⎤

⎥
⎥
⎥
⎥,
⎥
⎦

|a|Lr
|a|
=
.
ν
av

(III.6)

(III.7)

The upwind flux is constructed as
Φ(uL , uR ) =

1
1
(fL + fR ) − P−1 |PA| (uR − uL ) ,
2
2

(III.8)

and therefore, the dissipation matrix Q is given by
Q = P−1 |PA| .
III.B.

(III.9)

Two Dimensions

In two dimensions, we consider the following formulation:
∂τ u + a∂x u + b∂y u = ν(∂x p + ∂y q),

Tr ∂τ p = ∂x u − p,

Tr ∂τ p = ∂y u − q,

(III.10)

or in the vector form,
P−1 ∂τ u + ∂x f + ∂y g = s,
where
P−1

⎡

1
⎢
=⎣ 0
0

0
Tr
0

⎤
⎡
⎤
0
u
⎥
⎢
⎥
0 ⎦,u = ⎣ p ⎦,
Tr
q

⎡

⎤
au − νp
⎢
⎥
f =⎣
−1
⎦,
0

The flux Jacobian that characterizes the wave structure is
⎡
%
&
an
∂f
∂g
⎢
PA = P
nx +
ny = ⎣ −nx /Tr
∂u
∂u
−ny /Tr

(III.11)
⎡

⎤
bu − νq
⎢
⎥
g=⎣
0
⎦,
−1
−νnx
0
0

⎤
−νny
⎥
0 ⎦,
0
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where an = anx + bny , and n = (nx , ny ) is an arbitrary unit vector, which is taken as the face normal for a
numerical flux. Note that this formulation is slightly diﬀerent from the one-dimensional formulation, but the issues
considered in this paper arise in both formulations. The relaxation time is defined as in Ref.[2]:
Tr =

Lr
,
|an | + av

(III.14)

with Lr given by Equation (III.4), and thus the eigenvalues of PA are given by
λ1 = a −
n − av ,

λ 2 = a+
n + av ,

λ3 = 0,

(III.15)

where
a−
n = min(0, an ),
The right and left eigenvector matrices are given by
⎡
Lr
⎢ Re+ + 1
⎢
Lr
⎢
⎢
R=⎢
nx
⎢
⎣
ny
⎡

L = R−1

where
ReLr =

|ReLr | + 1
Lr (|ReLr | + 2)

⎢
⎢
⎢
⎢
=⎢
|ReLr | + 1
⎢ −
⎢ Lr (|ReLr | + 2)
⎣
0

an Lr
,
ν

|ReLr | =

a+
n = max(0, an ).

Lr
Re−
Lr − 1

⎥
⎥
⎥
−ny ⎥
⎥,
⎥
⎦
nx

ny

(Re+
Lr + 1)nx
|ReLr | + 2
(1 − Re−
Lr )nx
|ReLr | + 2
−ny

Re−
Lr =

⎤

0

nx

|an |Lr
,
ν

(III.16)

(III.17)

⎤
(Re+
Lr + 1)ny
|ReLr | + 2 ⎥
⎥
⎥
−
(1 − ReLr )ny ⎥
⎥,
⎥
|ReLr | + 2 ⎥
⎦
nx

a−
n Lr
,
ν

Re+
Lr =

a+
n Lr
.
ν

(III.18)

(III.19)

Note that the matrix L given in Ref.[2] has a wrong factor in the last row; it is corrected in the above. The absolute
Jacobian that defines the dissipation matrix is given by
⎡
⎤
|λ1 |
0
0
⎢
⎥
⎢
⎥ −1
|PA| = R ⎢ 0
|λ2 | 0 ⎥ R
⎣
⎦
0
0
0
⎡

=

⎢
⎢
|ReLr | + 1 ⎢
⎢
av
⎢
|ReLr | + 2 ⎢
⎢
⎣

|ReLr | + 1 +

1

|ReLr | + 1

−

ReLr nx
Lr

−

ReLr ny
Lr

−

Lr ReLr nx
|ReLr | + 1
2n2x
2nx ny

The upwind flux is constructed as

Φ(uL , uR ) =

−

Lr ReLr ny ⎤
|ReLr | + 1 ⎥
⎥
⎥
⎥
2nx ny
⎥.
⎥
⎥
⎦
2
2ny

1
1
((fL , gL ) + (fR , gR )) · n − P−1 |PA| (uR − uL ) ,
2
2

(III.20)

(III.21)

and therefore, the dissipation matrix Q is given by
Q = P−1 |PA| .
8 of 35
American Institute of Aeronautics and Astronautics

(III.22)

Preprint accepted in Journal of Computational Physics. https://doi.org/10.1016/j.jcp.2017.09.039

IV.

Issues and Resolutions

Previous studies have demonstrated that both Scheme-I and Scheme-II experience no issues for high-Reynoldsnumber problems if the advective term dominates and the diﬀusive term is negligibly small [7, 13, 16]. However,
issues arise in cases where ν → 0 but the advective and diﬀusive terms balance each other, e.g., inside a boundary
layer. It has been reported [14,15] that iterative solvers may diverge for high-Reynolds-number flows with boundary
layers, but reducing the length scale Lr can resolve the issue. We have found also that even if the solver converges,
the numerical solution can be catastrophically inaccurate for boundary layer problems with a strong dependence
on the value of Lr .
In this section, we examine these problems in terms of Lr for a linear hyperbolic advection-diﬀusion system
with f a = au and positive constants, a and ν:
⎤
#
$ #
$ #
$ ⎡
a −1
au
−p
au − p
⎦ u.
f = fa + fd =
+
=
=⎣
(IV.1)
0
−u
−u
−1 0
In the analyses that follow, the following parameters will play key roles:
Re =

a
,
ν

ReLr =

aLr
,
ν

ReLd =

aLd
,
ν

Reh =

ah
,
ν

(IV.2)

where Re is the Reynolds (or Péclet) number per grid unit length, ReLr is the relaxation Reynolds number, ReLd
is the Reynolds number based on the diﬀusion length scale Ld , and Reh is the mesh Reynolds number defined with
a mesh spacing h.
IV.A.

Inaccuracy of Hyperbolic Schemes in Boundary Layers

The linear advection-diﬀusion equation with the boundary conditions u(0) = 0 and u(1) = U∞ = 1 has the
exact solution given by
u(x) =

1 − exp(Rex )
,
1 − exp(Re)

Rex = xRe,

(IV.3)

which develops a boundary layer near at x = 1 for large Re. Numerical solutions are considered on a uniform grid
with spacing h. Accuracy of numerical solutions is examined by the classical modal analysis [17, 19, 20]. Assume
that the numerical solution is given in the form:
uj = Ucj ,

(IV.4)

where U = (U, P ) is a vector of amplitudes and c is a mode to be determined. Let us begin with the first-order
version of Scheme-I. Substituting the modal solution (IV.4) into the residual (II.9), we obtain
MU = 0,

(IV.5)

where

M=

⎡

1 ⎢
⎢
2hc ⎣

−av c2 + 2(a + av )c − (av + 2a)

1 − c2

2

2hc
− av (c − 1)2
Tr

−νc + ν
Tr

⎤

⎥
⎥.
⎦

(IV.6)

Non-trivial solutions exist if
det(M) = 0,
which can be factored as
12
3
2
3
4
(c − 1) Re2Lr + 2ReLr + Reh c2 − 2Re2Lr + 2ReLr Reh + 2ReLr + Reh c + Re2Lr = 0,
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leading to three solutions:
c1 = 1,

(IV.9)

c2

/
2Re2Lr + 2ReLr Reh + 2ReLr +Reh + (Reh + 2ReLr ) (4Re2Lr Reh + 4ReLr Reh + 2ReLr + Reh )
=
,
2(Re2Lr + 2ReLr + Reh )

c3

/
2Re2Lr + 2ReLr Reh + 2ReLr +Reh − (Reh + 2ReLr ) (4Re2Lr Reh + 4ReLr Reh + 2ReLr + Reh )
=
. (IV.11)
2(Re2Lr + 2ReLr + Reh )

(IV.10)

Expanding the mode c3 for small h, we obtain
c3 =

ReLr
+ O(h),
ReLr + 2

(IV.12)

which will be damped out with increasing j towards x = 1 for a finite ReLr ; see Equation (IV.4). On the other
hand, the mode c2 can be expanded as
%
&
x
Re2Lr + ReLr + 1
j
2
h
c2 = c2 = exp(Rex ) 1 −
Rex Reh + O(h ) .
(IV.13)
2ReLr
This mode, together with c1 , approximates the exact solution (IV.3) with first-order accuracy. These results
indicate that accuracy of the numerical solution would be greatly aﬀected by the relaxation Reynolds number
ReLr . If ReLr → ∞, then the mode c3 will be hardly damped, and the mode c2 will have the first-order error
Re2 +Re +1
coeﬃcient, Lr2ReLrLr , unboundedly large. In fact, this is exactly the case with Lr = Ld : ReLr → ∞ as Re → ∞.
To avoid these problems, we seek ReLr that minimizes the first-order error coeﬃcient (see Figure 1). By solving
% 2
&
∂
ReLr + ReLr + 1
= 0,
(IV.14)
∂ReLr
2ReLr
for ReLr > 0, we obtain
ReLr = 1,

(IV.15)

1
.
Re

(IV.16)

which gives
Lr =

This formula confirms the observation reported in Refs.[14, 15] that the length scale needs to be reduced for highReynolds-number boundary layer problems. Remarkably, it also shows how it should be reduced: Lr needs to be
inversely proportional to Re. Equation (IV.16) implies also that the diﬀusive wave speed, which represents the
dissipation coeﬃcient of the upwind diﬀusion flux (II.11), remains finite and equal to the advective speed for any
Reynolds number:
av =

ν
= νRe = a.
Lr

(IV.17)

It may be argued that the inaccuracy problem with the diﬀusion length scale Lr = Ld is due to a lack of dissipation
in the boundary layer. The dissipation matrix corresponding to the hyperbolic diﬀusion term is given by
⎡
⎤
av
0
⎢
⎥
(IV.18)
⎣
⎦.
0

Tr av /ν

This matrix will vanish with Lr = Ld for infinitely large Reynolds number because av → 0 for Re → ∞. Note that
the factor Tr /ν is to be canceled by Pj as in Equation (II.9). In conventional schemes, as mentioned earlier, a lack
of damping in the central diﬀusion scheme can be compensated by the dissipation term from the upwind advection
scheme. In the hyperbolic method, such will not work since it will have no eﬀects on the second component, but
the new length scale Lr = 1/Re successfully retains the entire matrix for Re → ∞.
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Figure 1: First-order error coeﬃcients:
Scheme-II. The crossing point is given by
ratio, as indicated by the dashed line.

(Re2Lr +ReLr +1)
2ReLr √
ReLr = 1+2 5 ,

for Scheme-I, and ReLr for
which is the so-called golden

The new formula Lr = 1/Re is obviously not optimal in pure diﬀusion problems. In the case that the hyperbolic
advection-diﬀusion scheme is intended for use in diﬀusion dominated problems also, the following hybridization may
be employed:
%
&
1
Lr = min 1,
Ld ,
(IV.19)
ReLd
so that we have Lr = Ld for ReLd ≤ 1 and Lr = 1/Re for ReLd > 1. The above functional form has been chosen
such that it is applicable to diﬀerent diﬀusion length scales, e.g., slightly diﬀerent Ld ’s in Refs.[1, 2], and also the
hybridization factor can be expressed conveniently in terms of the relevant Reynolds number only.
For the first-order version of Scheme-II, we obtain
c1 = 1,

c2 =

c3 =

(IV.20)

2ReLr + 2 +Reh +

5

8ReLr Reh + (Reh + 2)

2

2(Reh − ReLr + 2)
2ReLr + 2 +Reh −

5

8ReLr Reh + (Reh + 2)

2(Reh − ReLr + 2)

,

(IV.21)

.

(IV.22)

2

The second and third modes can be expanded as
c3 =

cj2

ReLr
+ O(h),
ReLr + 2

(IV.23)

%

(IV.24)

&
1
2
= c2 = exp(Rex ) 1 − ReLr Rex Reh + O(h ) .
2
x
h
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As before, a large numerical error is expected for ReLr → ∞. But in this case, there is no positive value of ReLr
that minimizes√the first-order error. As shown in Figure 1, the error term coeﬃcient is lower than that of Scheme-I
for ReLr < 1+2 5 , which includes ReLr = 1. In terms of the error magnitude, the optimal value of ReLr would
be zero (i.e., Lr = 0), which eliminates the first-order error. However, vanishingly small ReLr will lead to an
impractical scheme as we will discuss later.
An important conclusion drawn from the above analysis is that the relaxation length scale Lr needs to be
defined as inversely proportional to Re, so that ReLr remains O(1), and the dissipation of the upwind diﬀusion
scheme is retained to combat high-frequency errors for high-Reynolds-number boundary-layer problems.
Remark:
The length scale Lr = 1/Re has been derived based on the first-order version of Scheme-I, and
therefore it is not necessarily optimal for the second-order version of Scheme-I. The modal analysis for the secondorder version is quite complicated, but the characteristic equation det (M) = 0 can be simplified by using one-sided
finite-diﬀerence formulas for the gradients at the neighbor nodes to minimize the stencil size:
1
4
(c − 1) K3 c3 + K2 c2 − K1 c + K0 = 0,
(IV.25)
where

K3 = ReLr (ReLr + 3) c3 , K2 = Re2Lr + (7 − 4Reh )ReLr + 4Reh ,
K1 = 5Re2Lr + (12Reh + 7)ReLr + 4Reh , K0 = 3ReLr (ReLr − 1) .

(IV.26)
(IV.27)

Solutions of the cubic equation are, however, still too complicated to be useful. To gain insight into the eﬀect of
second-order accuracy, we attempt to minimize the number of potential negative roots (i.e., oscillatory modes). By
Descarte’s rule of signs, we find that the minimum number of negative roots can be achieved if K2 > 0 and K0 > 0.
These conditions are satisfied by
%
&
7
ReLr = max 1, 4Reh −
,
(IV.28)
2
where 4Reh − 7/2 is an approximation to the positive root of K2 = 0, which implies
%
&
K
7
Lr =
, K = max 1, 4Reh −
.
Re
2

(IV.29)

This means that the length scale is increased by a factor of 4Reh − 7/2 for Reh > 8/7 in the second order scheme,
or equivalently the dissipation coeﬃcient av = ν/Lr is reduced. In the rest of the paper, the factor will be referred
to as the second-order correction for Scheme-I. Numerical experiments show that the correction improves accuracy
of the second-order scheme on under-resolved grids.
IV.B.
IV.B.1.

Convergence Deterioration
Analysis Method

In this section, we investigate eﬀects of the new length scale Lr = 1/Re on iterative convergence of the implicit
solver. For simplicity, the second-order correction (IV.29) is ignored here, and also the sequential GS linear
relaxation scheme is considered. The sequential GS linear relaxation scheme and the implicit iteration scheme will
be analyzed separately by a local Fourier analysis on a uniform grid of spacing h. To analyze the linear relaxation
scheme, we insert a Fourier mode ∆U0 exp(iβx/h), where ∆U0 = [∆u0 , ∆p0 ] is the amplitude and β is a frequency
(or a phase change per h), into the sequential GS relaxation scheme,
Jii ∆Um+1
=
i

i−1
.

Jij ∆Um+1
+
i

j=i−2

i+2
.

Jij ∆Um
i ,

(IV.30)

j=i+1

where Jii is a 2×2 diagonal block of the Jacobian matrix at a node j, and Jij is a 2×2 oﬀ-diagonal block for the
neighbor j, and obtain
∆Um+1
= G∆Um
0 ,
0
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(a) Lr = Ld .

(b) Lr = 1/Re.

Figure 2: Spectral radius of the GS relaxation scheme ρ(G) for Scheme-I.

where G is an amplification matrix. For stability, the spectral radius of G, denoted by ρ(G), must be less than
1. On the other hand, to analyze the implicit iteration scheme, we insert a Fourier mode U0 exp(iβx/h), where
U0 = [u0 , p0 ], into the implicit solver with the linear system inverted, we obtain
2
3
Uk+1
= I − J−1 R Uk0 ,
(IV.32)
0

where I is the 2×2 identity matrix, J−1 is the inverse of the Fourier operator
Jacobian, and R
2 of the first-order
3
is the second-order residual operator. The spectral radius of the operator, ρ I − J−1 R , should be less than 1 for
stability. Note that the analysis assumes that the linear system is exactly inverted, and therefore if the implicit
solver is predicted to diverge, no linear solvers can help it converge.
In both the linear relaxation and implicit iteration schemes, the spectral radius is computed numerically in the
region of high Reynolds numbers: (Reh , Re) ∈ [10−3 , 108 ] × [103 , 108 ], excluding the region of h > 1. In both cases,
slow convergence is indicated by the spectral radius smaller than but close to 1. Note that the analysis focuses
on error damping, and does not take into account error propagation nor boundary condition eﬀects. However,
it provides useful indications of the performance of the relaxation and the implicit schemes [25, 26]. Eﬀects of
boundary conditions will be studied numerically, and discussed later in Section IV.C and Section VI.A.2. It should
be noted also that the analysis is not specific to boundary layer problems, and therefore it is relevant to advection
dominated problems with or without boundary layers. For this reason, we consider also the choice Lr = Ld although
our primary focus is on Lr = 1/Re.
IV.B.2.

Scheme-I

The spectral radius of the GS relaxation scheme is plotted in Figures 2(a) and 2(b) for Lr = Ld and Lr = 1/Re,
respectively. Note that no contours are shown in the region h > 1 (no grid points in the domain), and the red line is
drawn along the line corresponding to h = 10−3 (1001 grid points). For both relaxation length scales, the spectral
radius is smaller than 1, and convergence is expected in the linear relaxation for high-Reynolds numbers. Figures
3(a) and 3(b) show the spectral radius contours of the implicit solver for Lr = Ld and Lr = 1/Re, respectively.
A region of slow convergence is seen for high-Reynolds-numbers on refined grids for Lr = Ld , and it is completely
removed by Lr = 1/Re. The analysis indicates that the formula Lr = 1/Re not only minimizes the discretization
error, but also improves the iterative convergence of Scheme-I for high-Reynolds-number problems.
IV.B.3.

Scheme-II

Scheme-II has issues in both linear relaxations and implicit iterations even with Lr = 1/Re. Figures 4(a) and
4(b) show the spectral radius contours for Lr = Ld and Lr = 1/Re, respectively. As can be seen, the linear
relaxation would converge with Lr = Ld , but suﬀer from extremely slow convergence with Lr = 1/Re for high
Reh grids. However, for Lr = Ld , the implicit solver would experience convergence diﬃculties, as indicated in
Figure 5(a), for highly refined grids, which is relevant, for example, to highly stretched boundary layer grids. For
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(a) Lr = Ld .

(b) Lr = 1/Re.

2

3
Figure 3: Spectral radius of the implicit iteration scheme ρ I − J−1 R for Scheme-I.

(a) ρ(G) with Lr = Ld .

(b) ρ(G) with Lr = 1/Re.

Figure 4: Spectral radius of the GS relaxation scheme ρ(G) for Scheme-II.

Lr = 1/Re, the implicit iteration converges rapidly as shown in Figure 5(b). Note, however, that the analysis for
the implicit iteration assumes that the linear system is fully solved. Therefore, in reality, the implicit solver is
not expected to converge because the linear relaxation would experience convergence problems (see Figure 4(b)).
A direct linear solver may be employed instead of relaxation schemes, but it is not a practical option due to the
high cost and diﬃculties in parallelization for general unstructured-grid applications. One might consider, then,
applying the residual Jacobian based on Scheme-I instead, which has been shown to converge (see Figure 2(b)).
Unfortunately, this strategy would not work. Figure 5(c), where Scheme-I Jacobian is denoted by JI , shows the
spectral radius of the implicit solver for Scheme-II with the Jacobian of Scheme-I. It shows that slow convergence
occurs now in the implicit solver. Yet another strategy would be to use the residual Jacobian based on Scheme-I
as a preconditioner matrix in Jacobian-Free Newton-Krylov solvers. These advanced solvers construct an implicit
solver with the exact residual Jacobian, and they are known to converge even in the cases where the implicit solver
diverges [13, 27, 28]. To see if such an advanced solver resolves the issue, we implemented a Jacobian-Free NewtonKrylov solver and applied it to all test cases. However, numerical experiments show that although it can prevent
divergence, the solver can still be very slow to converge or stalls. These unsatisfactory results indicate that the
issue needs to be resolved in a more fundamental level, i.e., the discretization. It appears to stem from a unique
construction of Scheme-II and closely related to the mesh Reynolds number, which we discuss in the next section.
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!
"
(a) ρ I − J−1 R with Lr = Ld .

!
"
(b) ρ I − J−1 R with Lr = 1/Re.

!
"
(c) ρ I − J−1
I R with Lr = 1/Re.

2
3
Figure 5: Spectral radius of the implicit iteration scheme ρ I − J−1 R for Scheme-II.

IV.C.

Mesh-Reynolds-Number Restriction for Scheme-II

A close look at the numerical flux reveals potential issues with Scheme-II. To illustrate the issues, we begin with
the first-order version of Scheme-I. Substituting the left and right states as in Equation (II.18) into the numerical
flux (II.10), we obtain
⎡
⎤
ν
⎡
⎤
a+
0
a −1
Lr
⎥
⎦ u − 1⎢
Φ(uL , uR ) = ⎣
(IV.33)
⎣
⎦ ∆u,
2
Lr
−1 0
0
ν
where u = (uj + uj+1 ) /2 and ∆u = uj+1 − uj . The first term on the right hand side is the consistent term, i.e.,
the term consistently approximating the physical flux (IV.1). The second term is the dissipation term characterized
by the positive definite dissipation matrix, which is required for an energy stability [7]. Now consider the first-order
version of Scheme-II defined by the left and right states as in Equation (II.19), which results in
⎡
⎤
6
%
&7 ⎤
⎡
ν
Reh
1
h
a
+
⎥
1⎢
Lr
2
⎢ a − 1 − 2 Reh + Lr
⎥
⎥ ∆u.
Φ(uL , uR ) = ⎣
(IV.34)
⎦u − ⎢
⎣
2
Lr
h ⎦
0
−
−1
0
ν
2ν

Observe that the gradient terms in the linear reconstruction for uL and uR have generated additional contributions
in both the consistent and dissipation terms. Two potential problems arise. First, the diﬀusion coeﬃcient in the
consistent term has been altered:
%
&
1
h
1−
Reh +
,
(IV.35)
2
Lr
and it can be negative. Second, the altered dissipation matrix
⎡
ν
Reh
⎢ a + Lr
2
⎢
⎣
Lr
h
0
−
ν
2ν

⎤

⎥
⎥,
⎦

(IV.36)

may no longer be positive definite. These problems can lead to serious issues in the balanced high-Reynoldsnumber limit: a∂x u = ∂x p ̸= 0. On the other hand, issues would not be expected in the pure advection limit where
p = O(1/Re).
As one might expect, these problems are governed by the mesh Reynolds number. It is easy to show that the
diﬀusion coeﬃcient will be positive if
Reh <

2
,
1 + 1/ReLr

and the dissipation matrix will be positive definite if
8
9
/
Reh < 4 − (1 + 1/ReLr ) + (1 + 1/ReLr ) (ReLr + 1 + 1/ReLr ) .
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It can be shown that the former guarantees the latter:
8
9
/
2
Reh <
< 4 − (1 + 1/ReLr ) + (1 + 1/ReLr ) (ReLr + 1 + 1/ReLr ) ,
1 + 1/ReLr

(IV.39)

and therefore both conditions are satisfied if

Reh <

2
.
1 + 1/ReLr

(IV.40)

This implies a mesh Reynolds number restriction for Scheme-II. Note that it leads to Reh < 0 as ReLr → 0. This
is the reason that we cannot take arbitrarily small values of ReLr (or equivalently Lr ) as mentioned in Section
IV.A. For the diﬀusion length scale Lr = Ld , we have ReLr → ∞ for high-Reynolds-numbers, and the condition
approaches the classical condition Reh < 2, which is well known for the second-order central-diﬀerence scheme for
the linear advection-diﬀusion equation [17, 19, 20]. However, it should be noted that the nature of the condition is
quite diﬀerent: the violation leads to a negative diﬀusion coeﬃcient and a non-positive definite dissipation matrix
in Scheme-II while it does not alter the diﬀusion coeﬃcient nor the positiveness of the dissipation but merely
generates numerical oscillations in the classical scheme. For Lr = 1/Re, the mesh Reynolds number restriction
becomes
Reh < 1.

(IV.41)

In actual computations, however, serious problems (e.g., divergence in iterations) occur at much higher Reh .
Scheme-II can still be used for reasonably fine grids. However, it can easily diverge on irregular stretched grids
that are typical in adapted unstructured grids for boundary layers. Two approaches are considered to overcome
the problem.
(1)Improved Scheme-I: One possible approach is to follow Ref.[4] and improve Scheme-I so as to achieve thirdorder accuracy in the advective term. That is, we construct a higher-order LSQ gradient by evaluating a quadratic
term with the LSQ gradient of the gradient variable, (∂x p)j :
&
. %
1
uk − uj −
(∂x p)j (xk − xj )2 (xk − xj )
2ν
k∈{kj }
.
(∂x u)j =
,
(IV.42)
(xk − xj )2
k∈{kj }

which allows us to compute quadratic LSQ gradients within a compact linear-LSQ stencil. The method is called
the c-quadratic LSQ method [4]. In this way, the scheme achieves third-order accuracy in the advective term without extending the residual stencil, which is the major attractive feature of Scheme-II. The mesh-Reynolds-number
restriction (IV.40) does not apply to the improved scheme because the solution gradients used in the linear reconstruction are not directly evaluated by the gradient variables. The improved scheme is called Scheme-IQ, and has
been demonstrated for three-dimensional HNS schemes [4]. In all numerical experiments presented in this paper,
we will focus on Scheme-IQ.
(2)Weak boundary condition: The other potential resolution is to employ a weak boundary condition at a
solid wall in the boundary layer as widely employed in cell-centered schemes. It can be used also in the nodecentered scheme considered here as described in Section II.B.4. On under-resolved grid where Reh is large, the
weak boundary condition is known to result in a numerical solution resembling a pure inviscid slip-wall solution
[29, 30]. In eﬀect, the weak boundary condition will turn a high-Reynolds-number boundary-layer flow into, where
there is no suﬃcient resolution, a nearly inviscid flow, for which the hyperbolic schemes are known to work successfully [16]. In fact, the weak boundary condition approach works very well for Scheme-II, at least in one dimension,
as will be numerically demonstrated later.

V.

Extension to Viscous Burgers Equation

Consider the viscous Burgers equation, which is given by Equation (II.1) with f a = u2 /2:
u∂x u = ν∂xx u.
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This equation has a boundary-layer-type solution with u = 0 at x = 0, and u = −1 at x = 1:
!x"
u(x) = −tanh
,
2ν

(V.2)

which exhibits a boundary layer near x = 0 for small ν. Equation (V.1) can be thought of as a nondimensionalized
equation with the x-coordinate scaled by the domain size L, and u by U∞ , which is the magnitude of the solution
at x = 1. Then, the diﬀusion coeﬃcient ν is equivalent to the reciprocal of the ’free stream’ Reynolds number,
Re∞ = U∞ L/ν∞ :
ν=

1
,
Re∞

(V.3)

where ν∞ is the constant diﬀusion coeﬃcient in the dimensional viscous Burgers equation, and the exact solution
is expressed as
%
&
xRe∞
u(x) = −tanh
.
(V.4)
2
We solve this problem by the hyperbolic viscous Burgers system:
ν !
p"
∂τ u + u∂x u = ∂x p, ∂τ p =
∂x u −
,
Tr
ν

(V.5)

where Tr = L2r /ν. As in the linear case, we have found numerically that the diﬀusion relaxation length scale
Lr = Ld causes troubles in both accuracy and iterative convergence for a high-Reynolds-number boundary layer.
To resolve the issues, we extend the improved definition (IV.16) as
Lr =

1
,
Re

Re =

|u|
,
ν

(V.6)

so that the diﬀusive wave speed remains finite and equal to the local advective speed,
av =

ν
= |u|.
Lr

(V.7)

It is important to note that the local advective speed |u| on the above equations is defined by Equation (II.13) and
therefore will never vanish. However, Re can still become vanishingly small for a very large diﬀusion coeﬃcient.
To take into consideration such diﬀusion dominated cases, we consider the following formula:
Lr = ψ(ReLd )Ld ,

ReLd =

|u|Ld
,
ν

(V.8)

where ψ(ReLd ) denotes a switching function that is 1 for small ReLd and 1/ReLd for large ReLd . The formula
considered in the linear case, i.e., Equation (IV.19), corresponds to
%
&
1
ψ(ReLd ) = min 1,
,
(V.9)
ReLd
or
%
&
K
ψ(ReLd ) = min 1,
,
ReLd

(V.10)

for Scheme-I, where K is the second-order correction defined by Equation (IV.29), where Reh is evaluated by the
local solution value. The relaxation length scale Lr in the numerical flux is evaluated by the averaged reconstructed
solution at the interface, i.e., (uL + uR )/2, and Lr in the matrix Pj is evaluated by the values at the node j. By
numerical experiments, we have found that a free stream evaluation of ψ, i.e., with ReLd = U∞νLd equally works
well. The numerical results are so similar that no significant diﬀerences were observed from those obtained by the
local formula described above.
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Discretization
Scheme

Advection

Diﬀusive Jacobian
Diﬀusion

Flux

LSQ (u)

Flux

LSQ (p)

Lr

Alpha

Upwind(2nd)

Linear

Alpha

None

N/A

Damping-only

Galerkin

Upwind(2nd)

Linear

Galerkin

None

N/A

Exact

Scheme-IQ(Ld )

Upwind(3rd)

C-quadratic

Upwind

Linear

Ld

Scheme-I(1st)

Scheme-IQ(ψ)

Upwind(3rd)

C-quadratic

Upwind

Linear

ψLd

Scheme-I(1st)

Scheme-II(Ld )

Upwind(3rd)

None

Upwind

Linear

Ld

Scheme-II(1st)

Scheme-II(ψ)

Upwind(3rd)

None

Upwind

Linear

ψLd

Scheme-II(1st)

Scheme-II(ψ)-JacI

Upwind(3rd)

None

Upwind

Linear

ψLd

Scheme-I(1st)

Scheme-II(JCP2010)

Upwind(3rd)

None

Upwind

Linear

Lr

JCP2010

Scheme-II(1st)

Table 1: Summary of discretizations and Jacobians. Advective Jacobian is the exact derivative of the first-order
upwind scheme for all. Order of accuracy is indicated by 2nd and 3rd in the parentheses.

VI.

Numerical Results

Schemes to be tested are listed in Table 1. Scheme-IQ employs the c-quadratic LSQ method for (∂x u)j as in
Equation (IV.42), and Scheme-II evaluates (∂x u)j by pj /ν as in Equation (II.17); the gradient (∂x p)j is computed by
the LSQ method in both schemes. Scheme-IQ(Ld ) and Scheme-II(Ld ) are based on the diﬀusion length scale Lr =
Ld . Scheme-IQ(ψ) and Scheme-II(ψ) are based on the improved length scale Lr = ψLd , where the switching function
ψ is given by Equation (V.10). Scheme-II(ψ)-JacI is the same as Scheme-II(ψ), but the Jacobian is constructed
as the derivative of the first-order version of Scheme-IQ(ψ). Scheme-II(JCP2010) employs the economical solution
reconstruction (II.17) and an upwind flux constructed by the eigen-structure of the hyperbolic advection-diﬀusion
system, i.e., Equation (III.9) in one dimension, and Equation (III.22) in two dimensions, with the length scale
in Equation (III.4), which is denoted by LJCP2010
in the table. Note, in particular, that the diﬀerence between
r
Scheme-II(JCP2010) and Scheme-IQ(ψ) lies in the evaluation of (∂x u)j , the dissipation matrix in the upwind flux,
the length scale formula, and the Jacobian. For one-dimensional problems, we focus on the comparison among
various hyperbolic schemes. Hyperbolic schemes are compared also with conventional schemes for two-dimensional
problems.
VI.A.

One-Dimensional Problems

In one dimension, we consider boundary-layer problems for the linear advection-diﬀusion equation and the
viscous Burgers equation. In both cases, stretched irregular grids are generated by the mapping
xi =

1 − exp(αξi )
,
1 − exp(α)

(VI.1)

where ξ0 = 0, ξN = 1, and ξi = i+0.45(r−0.5)
, i = 1, 2, 3, . . . , N − 1, N is the number of nodes, r is a random number
N
in [0, 1], and α = 18.0 for all cases. Three levels of grids are considered with N = 32, 64, and 128. These grids
are referred to as Grid1, Grid2, and Grid3, respectively. The mesh Reynolds number, which varies in space due to
non-uniform spacings, is computed for the three grids, and plotted in Figure 6. The coarsest grid is under-resolved
with Reh > 2 for almost all cells, and the finest grid may be considered as fully resolved with Reh < 2 inside the
boundary layer. The edge of the boundary layer is indicated by the dashed line, which is determined by the exact
solution for the linear advection-diﬀusion equation.
For all problems, the initial solution for u is set by the exact solution with random perturbations. The gradient
variable p is initialized by the LSQ gradient of the perturbed initial solution u. The iterative solver is taken to
be converged when the maximum of the L1 residual norm is reduced by ten orders of magnitude. All convergence
histories will be given by the maximum of the residual norms scaled by the corresponding initial residual norms
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over all equations. For all cases, error convergence results will be presented, unless otherwise stated, for relative
errors: the L1 norm of the diﬀerence between numerical solutions and exact solutions at nodes divided by the
maximum of the exact solution in the entire domain.
VI.A.1.

Linear Advection Diﬀusion Equation with Strong Boundary Condition

We consider the boundary layer problem for the linear advection-diﬀusion equation as described in Section IV.A
with the exact solution given by Equation (IV.3). To demonstrate the applicability of the improved algorithm for a
negative value of a, we take a = −1 and ν = |a|/Re, where Re = 108 , so that a boundary layer appears near x = 0
instead of x = 1. Boundary conditions are u(0) = 0 and u(1) = 1, which are imposed strongly at boundary nodes
as described in Section II.B.4. Here, we compare Scheme-IQ(Ld ), Scheme-IQ(ψ), Scheme-II(ψ), Scheme-II(ψ)-JacI,
Scheme-II(JCP2010).
Iterative convergence results are shown in Figure 7. As expected from the analysis in Section IV.B, SchemeIQ(Ld ) does not converge on all grids; it eventually blows up. Scheme-II(ψ) diverges on the coarsest grid for which
Reh > 1, but it converges on finer grids although only by two orders of magnitude. The use of the Jacobian based
on Scheme-I helps Scheme-II(ψ) converge on the coarsest grid, and converge further down on the finer grids (six
and eight orders of magnitude reduction for the medium and finest grids, respectively), but it takes thousands of
iterations to converge. On the other hand, Scheme-IQ(ψ) converged on all grids, demonstrating the eﬀectiveness
of the new length scale. Also, Scheme-II(JCP2010) converges on all grids although it hangs with a large number of
relaxations on Grid1 (which finally converged in 750 iterations). The results indicate that Scheme-II can be made
convergent by constructing the dissipation matrix based on the eigen-structure of the unified hyperbolic advectiondiﬀusion system. Figure 8 shows the number of linear relaxations at each iteration. As expected, Scheme-II(ψ)
has a problem in the linear relaxation; it cannot reduce the linear residual by one order even with 1000 relaxations
(which is set as the maximum) in many cases. The linear relaxation improves with the Jacobian based on Scheme-I,
but it does not improve the implicit iteration convergence very much as predicted by the analysis in Section IV.B
and confirmed numerically as shown in Figure 7.
Figure 9 shows error convergence results for the schemes that converged on all grids: Scheme-IQ(ψ), SchemeII(ψ)-JacI, and Scheme-II(JCP2010). The results show that Scheme-IQ(ψ) and Scheme-II(JCP2010) yield secondorder accuracy in the solution variable u as well as in the gradient ∂x u = p/ν. However, Scheme-II(ψ)-JacI gives
larger errors in u as shown in the figure, and too large errors for the coarsest grid to fit in the figure although the
errors in the gradient are reasonably small for the two fine grids. Solution and gradient are plotted in Figure 10.
It is observed that Scheme-IQ(ψ) and Scheme-II(JCP2010) capture the boundary layer accurately. For SchemeII(ψ)-JacI, the solution is very inaccurate on the coarsest grid, but shows good agreement with the exact solution
on finer grids.
VI.A.2.

Linear Advection Diﬀusion Equation with Weak Boundary Condition

We consider the same linear problem as in the previous section for the weak boundary conditions. The residuals
are defined and the numerical solutions are computed at all nodes, including boundary nodes as described in Section
IV.C. Here, we consider the schemes Scheme-IQ(Ld ), Scheme-IQ(ψ), and Scheme-II(ψ).
Figure 11 shows iterative convergence histories. First, it can be seen that Scheme-IQ(Ld ) does not converge on
all grids even with the weak boundary condition; it eventually blows up. On the other hand, Scheme-IQ(ψ) and
Scheme-II(ψ) achieve ten orders of magnitude reduction in the residual on all grids. Figure 12 shows the number
of linear relaxations. The linear relaxation now converges for Scheme-II although it takes more relaxations than
other schemes. As discussed in Section IV.C, these results confirm that Scheme-II can be made to work with the
weak boundary condition.
Figure 13 shows the error convergence results. As expected, Scheme-IQ(ψ) and Scheme-II(ψ) yield second-order
accuracy for both the solution and gradient. These schemes produce accurate solutions on all grids as can be seen
in Figure 14; the latter gives more accurate solutions than the former as predicted for first-order schemes in Section
IV.A.
VI.A.3.

Viscous Burgers Equation with Weak Boundary Condition

To demonstrate the improved algorithm for a nonlinear problem, we consider the problem described in Section
V for the viscous Burgers equation with Re∞ = 108 . For this problem, we consider Scheme-IQ(ψ) with the strong
and weak boundary conditions, and Scheme-II(ψ) with the weak boundary condition. Figure 15 shows iterative
convergence histories. All schemes successfully converged on all grids. As shown in Figure 16, the linear relaxation
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converges for all schemes. Second-order accuracy has been observed for both schemes as shown in Figure 17. These
schemes accurately capture the boundary layer as can be observed in Figure 18. These results demonstrate that
the improved algorithms perform well also for the nonlinear Burgers equation. The presented results have been
obtained with Lr defined by Equation (V.8) with ψ as in Equation (V.10) for Scheme-IQ, and with ψ as in Equation
(V.9) for Scheme-II, but results are very similar if Lr is evaluated by the free stream value, and therefore not shown.
VI.B.

Two-Dimensional Problems

We consider the linear advection-diﬀusion problem in two dimensions:
a∂x u + b∂y u = ν(∂xx u + ∂yy u),
where (a, b) = (0.52, −0.86) and ν is determined from a given Reynolds number Re,
√
a 2 + b2
Re =
.
ν

(VI.2)

(VI.3)

In all cases, we set Re = 106 , and investigate the performance of the hyperbolic schemes. This equation has an
exact solution in a unit square domain with boundary layers:
u(x, y) =

[1 − exp(a(x − 1)/ν)][1 − exp(by/ν)]
.
[1 − exp(−a/ν))][1 − exp(b/ν)]

(VI.4)

The boundary layers are developed at x = 1 and y = 0 for large values of a/ν and |b|/ν (b < 0), respectively. Here,
we take a restricted domain x ∈ [0, 0.125] and focus on the one at y = 0. Later, we also consider an advection
dominated problem without boundary layers, and investigate the behaviors of the hyperbolic schemes with the
improved length scale.
Computational grids are generated with quadrilateral and triangular elements. For the boundary layer problem,
we consider regular but stretched quadrilateral grids, and stretched irregular triangular grids. These grids are
referred to as Grid-SQ and Grid-ST. For the advection dominated problem, we employ irregular isotropic triangular
grids, which is referred to as Grid-T. The coarsest levels of these grids are shown in Figure 19, with contours of
exact solutions used.
Boundary conditions are imposed either strongly or weakly. For the weak condition, the residual is computed
at a boundary node with the accuracy-preserving boundary quadrature formula derived in Ref.[31]. The fluxes at
boundary nodes are computed by the same numerical flux used in the interior scheme with the right state specified
by boundary conditions [4, 32]. In the Dirichlet condition considered here, the solution variable u and the gradient
along the boundary are specified by the boundary condition, and the normal gradient is set by the current value
at the node. In the strong boundary condition, the residuals are computed as above, and then replace two of the
residual components by the algebraic equations for the solution and the tangential gradient. See Ref.[4, 31, 32] for
details.
Scheme-IQ(ψ) and Scheme-II(ψ) for the two-dimensional advection-diﬀusion equation are described in Ref.[16].
In two dimensions, we consider a slightly diﬀerent hyperbolic formulation given by Equation (III.10) in Section
III.B; the solution gradients are directly obtained as (p, q) = ∇u. Scheme-IQ(ψ) uses the compact quadratic LSQ
gradients for the solution variable u as described in Ref.[4]. For Scheme-IQ, the second-order correction (IV.29)
is applied with Reh evaluated at a node by using the minimum height of elements sharing the node. For all
problems, we attempt to reduce the residuals by ten orders of magnitude in the L1 norm for all equations. The
GS relaxation scheme is used to relax the linear system in the implicit solver to reduce the linear residual by one
order of magnitude. Error convergence results will be presented for absolute errors: the L1 norm of the diﬀerence
between numerical solutions and exact solutions at nodes in the entire domain. As in one dimension, the pseudo
time is dropped completely. Initial solutions are set by the exact solution with random perturbations.
VI.B.1.

Regular Quadrilateral Grids.

Regular quadrilateral grids have been generated in the domain (x, y) ∈ [0, 0.125] × [0, 10−4 ], with n × n nodes,
where n = 33, 65, 129, and 257, which will be referred to as Grid-SQ1, Grid-SQ2, Grid-SQ3, and Grid-SQ4,
respectively. The grids have uniform but diﬀerent spacings in x and y directions with the cell aspect ratio 1250.
Mesh Reynolds numbers, based on the uniform vertical cell spacing hy , are Reh = Re×hy = 3.12, 1.56, 0.781, 0.391.
See Figure 19(a) for the coarsest grid and the exact solution contours. For this problem, only the strong boundary
condition is considered. For a comparison purpose, a conventional scheme defined by the upwind advection scheme
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and the alpha-damping diﬀusion scheme with α = 1 [21, 33], is also tested with the strong boundary condition for
this problem. This conventional scheme is referred to as Alpha (see Table 1).
Figures 20, 21, and 22 show iterative convergence histories, the number of linear relaxations, and residual
convergence versus CPU time, respectively. As expected from the one-dimensional analysis in Section IV.B.2,
Scheme-IQ(Ld ) converges extremely slowly although the linear relaxation converges fast. We terminated the calculations for Scheme-IQ(Ld ), and will not discuss its results any further below. On the other hand, Scheme-IQ(ψ)
and Scheme-II(ψ) converge rapidly as shown in Figure 20. However, the linear relaxation slows down on coarse
grids in the case of Scheme-II(ψ) as predicted in Section IV.B.3. The conventional scheme converges rapidly, but
the linear relaxation slows down significantly for fine grids due to the stiﬀness of the second-order diﬀusion term.
As a result, the hyperbolic schemes converge faster in CPU time than the conventional scheme for the finest grid
as shown in Figure 22(d).
Error convergence results are shown in Figures 23(a), 23(b), and 23(c) for u, ∂x u, and ∂y u, respectively. In the
conventional scheme, the gradients are computed by a linear LSQ method. The results show that the hyperbolic
schemes achieve second-order accuracy for the solution and the gradients as expected. The conventional scheme
also gives nearly second-order accuracy for the solution and the gradients for this problem. Solutions and the
normal gradients, which are relevant to the viscous stress in viscous simulations, along a vertical line at x = 0.0625
are plotted in Figures 24 and 25. As expected from the one-dimensional analysis, Scheme-II(ψ) gives slightly more
accurate solution profile than Scheme-IQ(ψ). Observe also that the conventional scheme is less accurate than the
hyperbolic schemes in the prediction of the gradient near the bottom boundary at y = 0.
The results confirm that Scheme-II(ψ) works, even with the strong boundary condition on regular quadrilateral
grids, as long as Reh is small enough. For irregular grids, however, Reh is not clearly defined, and Scheme-II(ψ)
fails even on highly refined grids as we discuss in the next section.
VI.B.2.

Irregular Triangular Grids.

Highly-stretched irregular grids have been generated in the domain (x, y) ∈ [0, 0.125] × [0, 1.25 × 10−5 ], with
n × n nodes, where n = 33, 65, and 129, which will be referred to as Grid-ST1, Grid-ST2, Grid-ST3, respectively.
These grids have higher resolutions in the boundary layer than the quadrilateral grids in the previous section.
The mesh Reynolds number, which is evaluated by the minimum height of elements sharing a node, is less than
1 for all grids. The cell aspect ratio ranges from O(103 ) to O(105 ) based on the ratio of the longest side to the
shortest height of triangular elements. For this problem, we consider Scheme-IQ(ψ) and Scheme-II(ψ) with both
strong and weak boundary conditions, and also Scheme-II(JCP2010) with the strong condition. For comparison, a
conventional scheme with the upwind advection scheme and the P1 continuous Galerkin diﬀusion scheme, which is
implemented in the edge-based form, is also tested the strong boundary condition for this problem. This scheme is
referred to as Galerkin (see Table 1).
Figures 26, 27, and 28 show iterative convergence, the number of linear relaxations, and residual convergence
versus CPU time, respectively. Observe that Scheme-II(ψ) diverges on the two fine grids even with the weak boundary condition although it converges, surprisingly, on the coarsest grid. However, Scheme-II(JCP2010) converges on
all grids although it exhibits slow down in a later stage of convergence. These results indicate that Scheme-II(ψ)
is not robust, but can be made convergent by improving the dissipation matrix. On the other hand, Scheme-IQ(ψ)
converges on all grids; it converges faster with the weak boundary condition than with the strong boundary condition. Scheme-IQ(Ld ), again, exhibits extremely slow convergence. It is observed also that the conventional scheme
slows down in the linear relaxation for fine grids. As a result, Scheme-IQ(ψ) converges faster in CPU time for fine
grids as shown in Figure 28.
Error convergence results are shown in Figure 29, where only the converged cases (on all grids) are shown.
Both conventional and hyperbolic schemes achieve second-order accuracy in the solution variable u. The gradients
obtained by the conventional scheme with a linear LSQ method are one-order lower as expected. The hyperbolic
schemes achieve second-order accuracy in the gradient in the y direction (see Figure 29(c)), but yield first-order
accuracy in the gradient in the direction perpendicular to the stretched direction (y) as shown in Figure 29(b). In
particular, Scheme-II(JCP2010) gives significantly larger errors. The lower-order gradient accuracy in the direction
of the larger spacing on anisotropic grids has not been reported before, and is a subject for future study.
Solution and gradient profiles along a vertical line at x = 0.0625 are shown Figures 30 and 31, respectively. As
can be seen, Scheme-IQ(ψ) yields very accurate solutions and gradients. Also, it is observed that Scheme-II(ψ) gives
very accurate solutions on the coarsest grid. As is well known, the hyperbolic scheme gives very smooth gradients
whereas conventional schemes generate oscillations in the gradients on irregular grids, which can be observed in
these results (even on the finest grid).
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VI.B.3.

Advection Dominated Problem without Boundary Layer.

To investigate eﬀects of the improved length scale on advection dominated problems without a boundary layer,
we consider a smooth problem in the unit square domain with the exact solution [34]:
%
&
−8π 2 ν
√
u(x, y) = cos(2πη) exp
ξ ,
(VI.5)
1 + 1 + 16π 2 ν 2
where ξ = ax+by, η = bx−ay. Computational grids are irregular isotropic triangular grids with n×n nodes, where
n = 17, 33, and 65. See Figure 19(c) for the coarsest grid and the exact solution contours. This problem does not
involve boundary layers, and therefore it is essentially a pure advection problem. In this limit, the second-order
hyperbolic schemes are known to achieve third-order accuracy in the solution variable u as mentioned in Section
II.B. Here, the strong boundary condition is used. Scheme-IQ(Ld ), Scheme-IQ(ψ), Scheme-II(Ld ) and Scheme-II(ψ)
are tested, and compared with the conventional scheme, Galerkin.
Figures 32, 33, and 34, show iterative convergence, the number of linear relaxations, and residual versus CPU
time, respectively. First, we see that Scheme-IQ(ψ) converges faster than Scheme-IQ(Ld ) for finer grids. The better
performance of Scheme-IQ(ψ) may be due to the added dissipation by the new length scale; Scheme-IQ(Ld ) loses
the dissipation of the upwind diﬀusion flux for high Reynolds numbers and keeps only the dissipation from the
upwind advection scheme. Second, for Scheme-II, it can be seen that Scheme-II(Ld ) converges on all grids, which
is expected from the results in Ref.[16]. However, Scheme-II(ψ) diverges on all grids; the data points are not seen
in Figures 32 since it blows up right from the first iteration. This is consistent with the analysis in Section IV.B.3.
Scheme-II(ψ) with the Scheme-I Jacobian allows the linear relaxation converges, but the implicit iteration now
does not converge, which is also consistent with the analysis. In comparison with the conventional scheme, it is
seen that hyperbolic schemes are not faster in CPU time than the conventional scheme, which is expected since
diﬀusion is negligibly small in this problem, but it is not a fair comparison because Scheme-IQ(ψ) is a third-order
scheme for this problem as discussed below.
Figure 35 shows the error convergence results. Third-order accuracy of the hyperbolic schemes can be observed
in Figure 35(a). For the gradients, first-order accuracy by the conventional scheme and second-order accuracy by
the hyperbolic schemes are confirmed as shown in Figures 35(b) and 35(c). Note that Scheme-IQ(Ld ) and SchemeIQ(ψ) achieve nearly the same error levels for all variables. This is due to the second-order correction in the length
scale, which eﬀectively increases Lr and therefore reduces the dissipation. Without the correction, the error are
actually slightly larger with Scheme-IQ(ψ) because of the twice as large dissipation.

VII.

Concluding Remarks

Issues encountered by the hyperbolic method for high-Reynolds-number boundary-layer problems have been
discussed. Analyses have been performed for a one-dimensional advection-diﬀusion problem, and resolutions have
been proposed. Extensive numerical experiments are presented to verify the proposed resolutions for one- and
two-dimensional problems. A major finding is that the relaxation length scale must be defined to be inversely
proportional to the Reynolds number to avoid problems in accuracy and iterative convergence. The improved
length scale, which is derived by minimizing errors in the first-order version of Scheme-I, has been shown to provide
additional dissipation to recover accuracy and cure convergence problems for high-Reynolds number boundary-layer
problems. Scheme-IQ, which achieves higher-order accuracy in the advective term, has been demonstrated to be
an accurate hyperbolic scheme with significantly improved reliability for advection-diﬀusion applications. Other
findings are summarized as below:
1. The improved length scale has been derived for the first-order version of Scheme-I/IQ, and a second-order
correction should be applied to the second-order version on under-resolved grids.
2. The improved length scale improves iterative convergence of an implicit solver for Scheme-IQ.
3. For nonlinear problems, the length scale is defined by local solution values, but the free stream evaluation
still provides an eﬀective approximation.
4. The improved length scale provides superior iterative convergence also for high-Reynolds-number problems
without boundary layers (i.e., inviscid limit), and does not degrade accuracy for Scheme-IQ. Hyperbolic
schemes achieve third-order accuracy in the inviscid limit as designed.
5. Hyperbolic schemes converge faster in CPU time than conventional schemes as a grid is refined to better
resolve a boundary layer.
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6. Scheme-II introduces a negative diﬀusion coeﬃcient and loses positive definiteness of the upwind dissipation
matrix for large mesh-Reynolds-numbers, leading to accuracy and convergence problems for boundary-layer
problems. A weak boundary condition with the improved length scale has been found to resolve the issues, but
not entirely successful. Furthermore, the improved length scale leads to convergence problems for advection
dominated problems without boundary layers; it needs to be switched back to the diﬀusion length scale. For
Scheme-I/IQ, none of these issues apply.
7. Hyperbolic schemes constructed based on the eigen-structure of the hyperbolic advection-diﬀusion system do
not experience issues for boundary-layer problems. It implies that the high-Reynolds-number issues may be
resolved by directly modifying the dissipation matrix, instead of modifying the length scale.
8. It was observed that hyperbolic schemes lost accuracy of the derivative by one order in the direction of
larger grid spacing for highly-stretched irregular triangular grids although the error level was much lower in
comparison with a conventional scheme.
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(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 7: Iterative convergence results for the linear problem with strong boundary conditions.

(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 8: GS relaxations for the linear problem with strong boundary conditions.

(a) Solution.

(b) Gradient.

Figure 9: Error convergence results for the linear problem with strong boundary conditions.
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(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 10: Solutions and gradients for the linear problem with strong boundary conditions.

(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 11: Iterative convergence results for the linear problem with weak boundary conditions.

(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 12: GS relaxations for the linear problem with weak boundary conditions.
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(a) Solution.

(b) Gradient.

Figure 13: Error convergence results for the linear problem with weak boundary conditions.

(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 14: Solutions and gradients for the linear problem with weak boundary conditions.

(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 15: Iterative convergence results for the nonlinear problem.
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(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 16: GS relaxations for the nonlinear problem.

(a) Solution.

(b) Gradient.

Figure 17: Error convergence results for the nonlinear problem.

(a) Grid1: 32 nodes.

(b) Grid2: 64 nodes.

(c) Grid3: 128 nodes.

Figure 18: Solutions and gradients for the nonlinear problem.
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(a) Grid-SQ1: 33×33 nodes.

(b) Grid-ST1: 33×33 nodes.

(c) Grid-T1: 17×17 nodes.

Figure 19: Coarsest grids used in two-dimensional problems with exact solution contours.
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(a) Grid-SQ1.

(b) Grid-SQ2.

(c) Grid-SQ3.

(d) Grid-SQ4.

Figure 20: Iterative convergence results for the two-dimensional boundary-layer problem on quadrilateral grids.

(a) Grid-SQ1.

(b) Grid-SQ2.

(c) Grid-SQ3.

(d) Grid-SQ4.

Figure 21: The number of linear relaxations for the two-dimensional boundary-layer problem on quadrilateral grids.

(a) Grid-SQ1.

(b) Grid-SQ2.

(c) Grid-SQ3.

(d) Grid-SQ4.

Figure 22: Residual versus CPU time for the two-dimensional boundary-layer problem on quadrilateral grids.
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(a) Solution variable u.

(b) Gradient ∂x u.

(c) Gradient ∂y u.

Figure 23: Error convergence results for the two-dimensional boundary-layer problem on quadrilateral grids.

(a) Grid-SQ1.

(b) Grid-SQ2.

(c) Grid-SQ3.

(d) Grid-SQ4.

Figure 24: Solution profiles at x = 0.0625 for the two-dimensional boundary-layer problem on quadrilateral grids.

(a) Grid-SQ1.

(b) Grid-SQ2.

(c) Grid-SQ3.

(d) Grid-SQ4.

Figure 25: Normal gradient profiles at x = 0.0625 for the two-dimensional boundary-layer problem on quadrilateral
grids.
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(a) Grid-ST1: Residual convergence.

(b) Grid-ST2: Residual convergence.

(c) Grid-ST3: Residual convergence.

Figure 26: Iterative convergence results for the two-dimensional boundary-layer problem on irregular triangular
grids.

(a) Grid-ST1: Linear relaxations.

(b) Grid-ST2: Linear relaxations.

(c) Grid-ST3: Linear relaxations.

Figure 27: The number of linear relaxations for the two-dimensional boundary-layer problem on irregular triangular
grids.

(a) Grid-ST1: CPU time.

(b) Grid-ST2: CPU time.

(c) Grid-ST3: CPU time.

Figure 28: Residual versus CPU time for the two-dimensional boundary-layer problem on irregular triangular grids.
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(a) Solution variable u.

(b) Gradient ∂x u.

(c) Gradient ∂y u.

Figure 29: Error convergence results for the two-dimensional boundary-layer problem on irregular triangular grids.

(a) Grid-ST1.

(b) Grid-ST2.

(c) Grid-ST3.

Figure 30: Solution profiles at x = 0.0625 for the two-dimensional boundary-layer problem on irregular triangular
grids.

(a) Grid-ST1.

(b) Grid-ST2.

(c) Grid-ST3.

Figure 31: Normal gradient profiles at x = 0.0625 for the two-dimensional boundary-layer problem on irregular
triangular grids.
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(a) Grid-T1.

(b) Grid-T2.

(c) Grid-T3.

Figure 32: Iterative convergence results for a two-dimensional problem with a smooth solution without a boundary
layer.

(a) Grid-T1: Linear relaxations.

(b) Grid-T2: Linear relaxations.

(c) Grid-T3: Linear relaxations.

Figure 33: The number of linear relaxations for a two-dimensional problem with a smooth solution without a
boundary layer.
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(a) Grid-T1.

(b) Grid-T2.

(c) Grid-T3.

Figure 34: Residual versus CPU time for a two-dimensional problem with a smooth solution without a boundary
layer.

(a) Solution variable u.

(b) Gradient ∂x u.

(c) Gradient ∂y u.

Figure 35: Error convergence for a two-dimensional problem with a smooth solution without a boundary layer.
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