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RANS as Work-Horse Tool in CFD
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❖ Turbulence are everywhere in natural and 
industrial flows (see examples below).

❖ RANS (Reynolds Averaged Navier-Stokes) models 
are still the work-horse tool in practical 
applications, because high-fidelity methods (LES and 
DNS) are still too expensive for practical flows. 



Landscape of Turbulence Modeling
❖ Standard (one/two eqn) RANS models: k-e, k-w, SA

❖ Advanced turbulence model: RSTM, EARSM

❖ Hybrid LES/RANS: DES and its variants, PANS, among 
others

❖ Wall-modeled LES (WALES)

❖ Fully resolved LES or DNS
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The drawback of RANS: poor performance in flows 
with separation, mean pressure gradient, mean flow 

curvature. Need to quantify the uncertainties in the 
RANS predictions for high-consequence applications 

(e.g., nuclear power plants or airplanes).
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Landscape of RANS Model Uncertainty

❖ RANS predicted turbulent viscosity [Dow and Wang]

❖ Source terms discrepancy in turbulent transport equations, e.g., 
νt in SA model, ω in k-ω model [Duraisamy et al.]

❖ RANS predicted Reynolds stresses [Oliver & Moser]

❖ Decomposed RANS-predicted Reynolds stresses: TKE, 
anisotropy, orientation. [Emory, Gorle, Iaccarino et al.]

❖ Dynamics (time derivatives) of Reynolds stresses (Mishra & 
Girimaji): preliminary studies.
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❖ Parametric and Bayesian model averaging approaches 
[Oliver & Moser et al.; Edling, Cinnella & Dwight]

Nonparametric Approaches.  
with uncertainties injected in:



❖ Kennedy & O’Hagan approach: introduce a 
discrepancy term to the QoI (e.g., drag and lift), 
and then calibrate the discrepancy with data  
=> band-aid approach.

❖ Drawback: black-box, physics-neutral, not an 
efficient use of data; difficult to incorporate prior 
knowledge.

❖ Most of the methods discussed in this talk (except 
for the parametric approaches) are open-box, 
physics informed. 
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RANS Model Uncertainty: Black-Box vs. Openbox
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Parametric/Model Averaging Approaches

❖ How likely is each model (e.g., SA, Chien, v2f) 
correct? 

❖ For a given model, what are the possible values/
likelihood of the coefficients?

Simply stated: given experimental data, Bayesian 
inference methods are used to infer:



Bayesian Inference with Data
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Figure 1. Diagonal: Marginal prior (dashed) and posterior (solid) PDFs. Upper, right: Samples
projected onto plane. The parameters are normalized such that 1.0 indicates the standard value.

Table 2. log(E) value for each model.

BL SA Chien v

2-f
IND 44.19 8.862 21.78 20.23
SE 41.71 8.045 19.94 40.45

VLSE 159.5 164.0 175.5 169.8
ARSM 135.0 169.0 157.5 158.9

have significantly larger evidence than either the IND or SE models, regardless of turbulence
model. This result confirms that the inhomogeneous stochastic models are able to represent
the turbulence model error better than their homogeneous competitors. Second, it is clear
that a proper stochastic model extension is critical to the physical model comparison. If the
inhomogeneous stochastic models had not been developed, the BL turbulence model would have
the largest evidence—i.e., it would appear the most probable.

Finally, assuming a uniform prior, one can compute the posterior plausibility from the
evidence. In this case, most of the models have posterior plausibility very close to zero. The
model with the largest posterior plausibility is the Chien, VLSE model at 0.995. The v

2-f , VLSE
and SA, ARSM models have posterior plausibility of 3.33⇥ 10�3 and 1.50⇥ 10�3, respectively.
All the other models have posterior plausibility of 10�5 or less. Clearly, this result indicates
that the calibration data strongly favors the Chien, VLSE model. However, this result does not
imply that the Chien model is the “best” turbulence model in any general sense. Additional
data and/or additional models could lead to di↵erent posterior plausibility results.

4.3. Prediction

The centerline velocity at Re

⌧

= 5000 is the prediction QoI. Recall that no data at Re

⌧

= 5000
is used in the calibration, and no DNS data for Re

⌧

= 5000 is available for comparison. Figure 2
shows the PDFs for the QoI. Two sets of results are shown. Figure 2(a) shows the QoI PDF
given by the Chien turbulence model coupled with each stochastic extension. The stochastic
model a↵ects both the predicted mean and uncertainty. Most notably, the IND and SE models
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PDF of  
coefficients  
normalized by  
standard value.

Oliver, T. A., & Moser, R. D. (2011). Bayesian uncertainty quantification applied to RANS 
turbulence models. In Journal of Physics: Conference Series 318 (4), p. 042032. IOP Publishing.
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[Oliver & Moser]



Prediction with Posterior of Models/Coefficients

❖ Probability of predicted Quantity of Interest (mean 
velocity at a given location)
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Figure 2. PDFs for the QoI. Left: The Chien k-✏ turbulence model coupled with each stochastic
extension. Right: Each turbulence model coupled with the VLSE stochastic extension.

give significantly smaller uncertainty than the VLSE model. However, the evidence deems them
extremely unlikely given the data. Thus, one cannot trust their predictions.

Figure 2(b) compares results generated by the di↵erent turbulence models using the VLSE
stochastic extension. The Chien and v

2-f models agree quite closely. The SA model gives nearly
the same mean but slightly larger uncertainty. Only the BL model appears to give significantly
di↵erent results.

5. Conclusions

A Bayesian approach has been developed and applied to quantify uncertainty in RANS
turbulence models. The approach consists of four stages: stochastic model development,
calibration, model comparison, and prediction. These stages lead to a probabilistic prediction
of the QoI that accounts for both parameter and model uncertainty.

The UQ procedure was applied to incompressible, fully-developed channel flow. The evidence
strongly supports the use of inhomogeneous stochastic models, and the Chien k-✏ model was
found to have the highest posterior plausibility. Using this model, the centerline velocity at
Re

⌧

= 5000 is predicted with an uncertainty of approximately ±4%.
Ongoing work is focused on developing new stochastic extensions, particularly stochastic

models for the Reynolds stress tensor, for application in more complex flows.
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Parametric vs. Non-parametric Approaches
❖ + Parametric approaches are easy to implement.

❖ – Restricted by the model(s): e.g., Bousinessq 
assumption if all candidate models are EVM. Cannot 
explore the solution manifold outside the assumption!
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Model-Form Uncertainty Quantification in RANS Simulations: A

Review

Heng Xiao

Department of Aerospace and Ocean Engineering, Virginia Tech, Blacksburg, VA 24060, United States

Paola Cinnella

DynFluid Laboratory, Paris Tech, France

1. Introduction

1.1. Comparison of parametric and non-parametric approaches

baseline
solution

solution space explored 
by parametric approach

calibrated solution
with parametric approach

true  solution

calibrated solution
with nonparametric approach

solution space explored by
a nonparametric approach

Figure 1: Comparison of parametric and nonparametric approaches for model form uncertainty using the
context of RANS simulation as example. Panel (a) illustrates the merit of the non-parametric approach, i.e.,
the ability to explore the solution space more thoroughly and the ability to find a better solution. Figure
adopted from [? ]. Panel (b) shows example realizations of the Reynolds stress ⌧ , which can be modeled as
a random field (spatial random process). The baseline ⌧̃ rans, the RANS modeled Reynolds stresses, is used
as the mean of ⌧ , and thus the capability of the baseline model is fully utilized.

2. Parametric and Model Averaging Approaches

3. Nonparametric approaches

It is a consensus of the turbulence modeling community that the inaccurate modeling

of the Reynolds stress term contributes to the majority of the model-form uncertainty, at

Email addresses: hengxiao@vt.edu (Heng Xiao), paola.cinnella@ensam.eu (Paola Cinnella)

Preprint submitted to Elsevier April 30, 2016



Example: Wing-Body Junction Flow
❖ In the leading edge region, 

scatter in velocity is very 
limited as long as the Reynolds 
stress is aligned with the mean 
rate of strain tensor S.
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(a) Prior (b) Posterior

Figure 11: Prior and posterior ensemble of streamwise velocity at the plane A upstream of the leading edge.

The profiles are shown along three locations at x/T=�0.25, �0.2 and �0.15, for which larger value indicates

the location closer to the leading edge (x/T=0).
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The profiles are shown along three locations at x/T=�0.25, �0.2 and �0.15, for which larger value indicates

the location closer to the leading edge (x/T=0).
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Aligned w/ S

Figure 12: Prior streamwise velocity profiles at the plane upstream of the leading edge. In addition to

the perturbation of anisotropy, the perturbation of the orientation of Reynolds stress is also enabled. The

profiles are shown along three locations at x/T=�0.25, �0.2 and �0.15, for which large value indicates the

location closer to the leading edge. The experimental data is denoted as black solid lines.
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Not aligned w/ S

[6]. J.-L. Wu, J.-X. Wang, and H. Xiao. Quantifying Model Form Uncertainty in 
RANS Simulation of Wing–Body Junction Flow. Submitted to FTC, 2016.



Inferring Turbulent Viscosity Field
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B . St at ist ical model ing for t he st r aight wal led channel

The results of the RANS inverse problem presented abovewere used to const ruct the stat ist ical model using
maximum likelihood est imat ion to est imate the parameters of the covariance funct ion. Figure 3 shows the
spat ial variat ion of the log-discrepancy in the turbulent viscosity versus log(y=�). To model the�eld depicted

F igure 3. Spat ial var iat ion of the turbulent viscosity log-discrepancy.

in �gure3, wedetermine the set of parameters that maximizes the log-likelihood funct ion. The log-likelihood
funct ion is computed as

log(L ) = � 12

NX

i = 1

�
log(�i� ) �

(X T vi� )2
�i

�
; (22)

where �i� and vi� are the singular values and singular vectors of the covariancematrix, respect ively. Clearly,
if any of the singular values of � are zero, the value of log(L ) is not well-de�ned. To address this issue, we
assume that a small error e has been made in the est imat ion of the t rue turbulent viscosity �eld, so that the
log-discrepancy is actually given by

X = log
 
�?T + e
�k � !T

!

� log
 

�?T
�k � !T

!

+ e
�?T
: (23)

In comput ing the log-likelihood funct ion, we add (e=�?T )2 to the diagonal of the covariance matrix �, since
the error term relates to the variance of the Gaussian �eld. The value of e is chosen to be small relat ive to
the largest singular value of �. In this work, we have chosen e = 10� 6. Decreasing e below this value does
not change the est imated parameter set .

In general, the log-likelihood funct ion is nonlinear in the parameter set . In that case, determining the
parameter set that maximizes the log-likelihood requires some sort of gradient -free opt imizat ion method.
For this work, since the dimension of the parameter set is small, we simply plot the log-likelihood funct ion
for a large number of parameter sets and observe where the maximum value occurs. Figure 4 shows a plot
of the log-likelihood funct ion as a funct ion of the parameter set (�; �). We note that the parameter set
(�; �) = (0:1898;0:1532) maximizes the log-likelihood funct ion, and this set is used in the stat ist ical model.

C. Uncer t aint y propagat ion

For each frict ion Reynolds number considered, 500 Monte Carlo simulat ions were performed to propagate
the uncertainty. Sample turbulent viscosity pro�les are generated by sampling from the Gaussian random
�eld with the parameter set determined using MLE. Figure 6 shows �ve sample turbulent viscosity pro�les
and the corresponding sample velocity pro�les for ! ow at Re� = 180. We observe that the turbulent sample
viscosity �elds vary smoothly in space. Figure 5 shows themean and variance of the computed samples. The
solid blue line represents the mean velocity pro�le computed from the Monte Carlo samples. We note that
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Prediction

Inferred log- discrepancy  
of νt (x) 

❖ +++ Full field inversion with adjoint 
model!!

❖ Constrained by Boussinesq 
assumption.

❖ * Uncertainty estimation vs. 
reduction.)

Dow & Wang, Quantification of Structural Uncertainties in 
the k-w Turbulence Model, AIAA 2011-1762

[Dow & Wang]



Inferring Discrepancy in Turb. Quantity Equations
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FIG. 2. The prior, the posterior and the DNS solution for Re⌧ = 550. The prior solution is represented in green, red represents
the posterior and blue represents the DNS solution. (a) Non-dimensionalized velocity,U+. Mean is shown with the solid line;
shaded region represents the 95% confidence interval. (b) Correction function, �. Mean is shown with the solid line; shaded
region represents the 95% confidence interval. (c) Non-dimensionalised Reynolds stress. (d) y+ dU+

dy+ .

impinging) inviscid core.31–33 The flow field is complicated by the presence of complex small-scale
vortical structures.34 Linear eddy viscosity closures have to be explicitly sensitized to capture curva-
ture e↵ects.35–37 In this section, the inversion procedure is applied to boundary layer flows subject to
(a) convex and (b) concave curvature. A comparison of the posterior solution with the analytically
sensitized rotational correction (SARC) model of Spalart38 is also presented.

FIG. 3. The inferred correction function, �MAP, for Re⌧ 2 [180, 550, 950, 2000, 4200].
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QoI with  
inferred β(x) 

Singh & Duraisamy. Using field inversion to quantify functional errors in turbulence 
closures. POF, 28, 045110, 2016.

[Duraisamy et al.]

D!

Dt

= �(x)P (!,U)�D(!,U) + T (!,U)

D⌫̃t

Dt

= �(x)P (⌫̃t,U)�D(⌫̃t,U) + T (⌫̃t,U)



❖ +++ Bayesian: Can use integral data (e.g., surface pressure) 
or sparse data to infer the multiplicative correction term 
β(x). Then, use posterior of β(x) to obtain QoI (e.g., velocity). 

❖ +++ Full field inversion! Better than parametric approaches.

❖ +? Model specific: different inference formulation for each 
model (e.g., SA, k-ω). Can be + or –.  Why plus? Intimate 
connection with model: increases inference effectiveness!

❖ +? Universality of β(x) and extrapolation to similar flows 
suggested but yet to be demonstrated.

❖ +? Constrained by assumption of the baseline model (e.g., 
Boussinesq assumption) but the flexibility may be sufficient!
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Assessment: Novelties
[Duraisamy et al.]

D⌫̃t

Dt

= �(x)P (⌫̃t,U)�D(⌫̃t,U) + T (⌫̃t,U)
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Assessment: Limitations
Duraisamy et al.
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D⌫̃t

Dt

= �(x)P (⌫̃t,U)�D(⌫̃t,U) + T (⌫̃t,U)

❖ ++ But: Provides 
valuable guidance for 
turbulence model 
development.

❖ * No physical basis to validate or 
invalidate the inferred β(x).

❖ * Different data (particularly for 
partial/sparse data) may give 
different β(x).

❖ * Physical identifiability difficulty: 
when data suggest understimated 
production (β > 1), it could well 
be overestimated dissipation, or 
too much transport to the 
neighborhood.
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Injecting Uncertainty in Reynolds Stresses



RANS Equations: Composite Model Theory
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div. of Reynolds stress

Mathematically rigorous/correct Reynolds stresses 
need closure model

• Uncertainties are mostly caused by the closure 
model for the Reynolds stress.

• The theories are reliable (based on conservation 
of momentum) [Oliver, Moser, et al.]

N (U) = r · (⌧ rans)
⌧ rans =

⌫t
2
(rU +rtU)

with

r · (⌧ rans)



Injecting Uncertainty in Reynolds Stresses

❖ +++ Introduce Reynolds stress discrepancy tensor to 
RANS equation and model with stochastic differential 
equation.

❖ The SDE is similar but simpler than RSTM equations. 
Driven by Wiener process (white noise).

❖ Proof of concept in Burger’s eqn. and channel flow.

❖ * Yet to be applied to more realistic flows. 
20

Algebraic Model Results: Re⌧ = 944
• Turbulence model: Spalart-Allmaras
• Uncertainty model: Algebraic (from dimensional analysis)
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channel flow

[Oliver, Moser et al.]



❖ Perturb towards three limiting states 
in Barycentric triangle (realizability 
map)

21

Injecting Uncertainty in Reynolds Stresses

constrain the uncertainty space through a physics-based parameterization [15,16]:

⌧ = 2k

✓
1

3
I+ a

◆
= 2k

✓
1

3
I+V⇤VT

◆
(1)

where k is the TKE; a is the anisotropy tensor; V = [v1, v2, v3] and ⇤ = diag[�1,�2,�3] are its
orthonormal eigenvectors and eigenvalues, respectively, with �1 + �2 + �3 = 0. The decomposition
transforms the Reynolds stress to a space represented by six variables with clear physical inter-
pretations: k is the amplitude of ⌧ij ; �1, �2 indicate its shape; and v1, v2, v3 are its orientation.
Physically realizability of ⌧ij is ensured by constraining all perturbed Reynolds stresses such that k
is positive and that appropriate transformation of �1 and �2 reside within the Lumley triangle [17]
or Baycentric triangle [18] shown in Fig. 1.

(a) (b)

Figure 1: Physics-based prior for modeled Reynolds stress ⌧ (x). (a) The Lumley triangle [19] provides a
guide to ensure physical realizability of the prior for ⌧ . (b) Baycentric triangle [18] provides similar physical
realizability map but is more convenient for interpretation and implementation as the coordinates is a linear
combination or �1 and �2.

Jinlong: can you change the edge colors in the Lumley triangle, so that they correspond to the
Baycentric triangle? Also, the PS/AE/AC figures are blurred. I remember you have a better
version in your “turbulence modeling” project proposal. Please use those instead.

2.1.3 Smooth spatial distribution of Reynolds stress tensors

The Reynolds stress uncertainties at each cell can be di↵erent. A naiver parameterization of
the spatial distribution can lead to a large number of degrees of freedom (DOFs) that can be
prohibitively expensive for the inversion. However, physically the modeling errors of ⌧ can vary in
di↵erent regions of the flow but should be smooth in general. Length scale of this variation should
roughly correspond to that of the turbulence itself [20]. The smoothness allows us to parameterize
the distribution using appropriate basis sets such as the eigenfunctions of the covariance function as
in the Karhunen–Loeve (KL) expansion [21], orthogonal polynomials [22,23], wavelets [24], or radial
basis functions (RBF) [25]. The optimal choice of basis set depends on the specific characteristics
(e.g., smoothness, locality of support) of the prior. For example, one can model the perturbation
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AB = BA , !16"

then the matrices A and B share the same eigenvectors.
Since the tensor 1 /3!ij is equal to the identity matrix I /3,
Eq. !16" always holds between the matrices T and I. They
therefore share the same eigenvector n and the following
relationship will hold:

bn = # T
Tkk

−
1
3

I$n . !17"

The relationship between the eigenvalues of b and T then
becomes

"i =
#i

Tkk
−

1
3

. !18"

For the nondimensional anisotropy tensor, b, related
shapes of the ellipsoid formed by the Reynolds stresses are
illustrated in Fig. 3 and characteristics of the flow are given
in Table I.

Now it is time to address the misconception encountered
in the designation of the limits of Lumley’s invariant map.
Axisymmetric turbulence means that two of the principal
stresses #i, or "i, are equal. Writing b in terms of the prin-
cipal stresses we have

FIG. 4. Anisotropy invariant map with correct designations of the axisym-
metric states.

FIG. 3. Illustration of the ellipsoid shapes formed by the Reynolds stress
tensor in different regions of the flow.

TABLE I. Characteristics of the turbulence stress tensor and anisotropic tensor.

State
of

turbulence Invariants Eigenvalues of bij

Shape of
stress tensor

%see Eq. !15"&
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Figure 2: Mapping between Barycentric coordinates and natural coordinates, transforming the Barycentric

triangle that encloses all physically realizable states [16, 24] to a square via standard finite element shape

functions (detailed in Appendix A). Corresponding edges in the two coordinates are indicated with matching

colors. The singular point 3(4) in the Barycentric coordinate, which maps to the edge 3–4 in the natural

coordinate, does not pose any practical di�culties.

by modeling the corresponding truths k(x), ⇠(x), and ⌘(x) as random fields with k̃rans(x),160

⇠̃rans(x), and ⌘̃rans(x) as priors. Specifically,161

log k(x) = log k̃rans(x) + �k(x) (2a)

⇠(x) = ⇠̃rans(x) + �⇠(x) (2b)

⌘(x) = ⌘̃rans(x) + �⌘(x) (2c)

where the spatial coordinate x is the index of the random fields. Note that the logarithmic162

discrepancy of the turbulent kinetic energy k is modeled in Eq. (2a) to ensure the non-163

negativity of k.164

Perturbing the orientations of the modeled Reynolds stress tensor can potentially lead to165

reverse di↵usion in the RANS momentum equations and thus causes instability (Iaccarino,166

personal communication). Consistent with the work of Iaccarino et al., we focus on the mag-167

nitude (k) and the shape (�
1

and �
2

, or equivalently the natural coordinates ⇠ and ⌘) of the168

Reynolds stress tensor ⌧ , and do not introduce uncertainties into the orientations (v
1

,v
2

,v
3

).169
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the vertices and edges are shown in Fig. 1a. The Barycentric triangle is similar to the Lumley179

triangle in that it also encloses all realizable turbulence states. Emory et al. [4] estimated180

the uncertainties in RANS simulations by perturbing the Reynolds stress towards the three181

limiting states, i.e., the vertices of the Barycentric triangle. This is illustrated in Fig. 1b as182

squares. Based on their work, Xiao et al. [7] further mapped the Barycentric coordinates183

to natural coordinates, on which the equilateral triangle is mapped to a unit square. They184

parameterized the uncertainty space on the natural coordinates and systematically explored185

the uncertainty space. The samples as obtained in Xiao et al. [7] are illustrated in Fig. 1b,186

which are in contrast to the three perturbed states of Emory et al. [4].187

(1-component)

(a)

Perturbed states
in Emory et al.

Perturbed states
in Xiao et al.

Baseline RANS

(b)

Figure 1: (a) Barycentric triangle as a way of delineating realizable turbulence, its definition and physical

interpretation. Elements in the set M+0
d

of positive semidefinite matrices maps to the interior and edges of

the triangle, while the set M+0
d

�M+
d

of singular matrices maps (whose element have zero determinants) maps

to the bottom edge. (b) Model-form uncertainty quantification through perturbation of Reynolds stresses

within the physically realizabile limit enclosed by the Barycentric triangle. The di↵erent schemes of Emory

et al. [4] and Xiao et al. [7] are shown.

While both Emory et al. [4] and Xiao et al. [7] injected uncertainties only to the magnitude188

and shape of the Reynolds stress tensor, it is theoretically possible to perturb the orientation189

as well. This work is not directly concerned with the physics-based approach for uncertainty190

quantification, but the physics-based parameterization will facilitate interpretations of the191

samples obtained with the random matrix approach. To this end, a parameterization scheme192

for the orthonormal eigenvectors E = [~e1,~e2,~e3] is needed. We use the Euler angle with the193

z-x0-z00 convention to describe the orientation of the Reynolds stress tensor [31]. That is, if a194

8

⌧ �! (k, ⇠, ⌘,'1,'2,'3)



❖ Use empirical marker function to specify the extent of 
perturbation towards realizable limit (vertices).

❖ Propagate to velocities and QoIs

22
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�B is now a funct ion of CSF and �cut , establishing three tunable parameters in the present turbulence
anisot ropy perturbat ion (TAP) methodology: ci (component iality), CSF , and �cut .

F igure 8. N ominal solut ion with �cu t contours. P ressure line (dash-dot ) indicates shock locat ion. T his plot
indicates that the choice of � = P �Dw al l is able to isolate regions of the ! ow-�eld where we expect recirculat ing
! ow.

B . Result s

In this sect ion theTAP method isapplied to theSST k-! computat ion of theD�elery bump ! ow. A sensit ivity
study wasperformed whereCSF = 0:05;0:1;0:2;0:3 and �cut = 2e4;5e4;1e5 for the threedi�erent component
corner perturbat ions. These resultsarecompared against thenominal SST k-! solut ion, theanalysisof which
is reported in Appendix A. This sect ion only discusses the impact on the simulat ion results when perturbing
towards thedi�erent component corners. Fixed valuesof CSF = 0:3 and �cut = 2e4 areused, thesepart icular
values best illust rate the TAP methodology bounding capabilit ies.

The wall pressure pro�les in Fig. 9 show that all of the component corner perturbat ions (c1, c2, c3)
are ident ical between x=h = 0 � 20, upst ream of the oblique shock impingement . c1 predicts the shock
further downstream of both the nominal and experimental values, c3 has an earlier (upst ream) predict ion,
and the c2 perturbat ion remains somewhat close to the nominal shock predict ion. Both c1 and c2 tend to
over-predict the experimental and nominal pressure values downstream of the shock, however c3 exhibits
behavior similar to the experimental results, relat ive to the nominal solut ion, for x=h � 26.

Examining L s shows that relat ive to the nominal predict ion, c1 separates further downstream while
c3 separates upst ream. This t rend is reversed in the L r predict ion, where c1 reat taches upst ream of the
nominal and c3 reat taches downstream. With respect to bubble size, c1 produces a value 28% smaller and
c3 produces a value 20% larger than the nominal predict ion. In both bubble size and L r the c1 and c3
perturbat ions bound the the nominal predict ion as well as the experimental results, while with respect to L s
only the nominal predict ion is bounded. This bounding behavior is displayed more prominent ly in the wall
shear st ress pro�les, �wal l , where crossing the�wal l = 0 dot ted line indicates the separat ion and reat tachment
locat ions.

It is important to note that the TAP method is not just changing valuesmeasured at thewall but within
a volume of the ! ow, which has an e�ect throughout the domain. This is evident in Fig. 10 which shows
the changes in bubble size between c1, c2, c3, and the nominal solut ions (st reamlines). Concurrent with the
modi�cat ions to the separated ! ow region, the pressure contours show changes in the size and extent of the
shock st ructure as well. The t riple point , where the oblique and normal legs of the �-shock on the bot tom

10 of 16
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Injecting Uncertainty in Reynolds Stresses
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Marker function



❖ +++ First to use realizability constraints to quantify 
RANS model form uncertainty (pioneering work!)

❖ * But: realizability only provides bound for anisotropy 
perturbations.  Only weak constraints on TKE and 
orientation.

❖ +++ Not constrained by the Boussinesq assumption.

❖ +++ Directly perturb Reynolds stress: same 
procedure for different models.

❖ * Three evaluations: not a comprehensive exploration 
of the high dimensional uncertainty space.

23

Emory, Gorle, Iaccarino, et al.

Assessment: Major Novelties



❖ + Low computational overhead. Only three simulations 
needed: three perturbations; one marker function.

❖ – Empirical function needed for spatial distribution of 
the perturbations.

24

Assessment: Other Minor Pros and Cons
Emory, Gorle, Iaccarino, et al.
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corner perturbat ions. These resultsarecompared against thenominal SST k-! solut ion, theanalysisof which
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towards thedi�erent component corners. Fixed valuesof CSF = 0:3 and �cut = 2e4 areused, thesepart icular
values best illust rate the TAP methodology bounding capabilit ies.

The wall pressure pro�les in Fig. 9 show that all of the component corner perturbat ions (c1, c2, c3)
are ident ical between x=h = 0 � 20, upst ream of the oblique shock impingement . c1 predicts the shock
further downstream of both the nominal and experimental values, c3 has an earlier (upst ream) predict ion,
and the c2 perturbat ion remains somewhat close to the nominal shock predict ion. Both c1 and c2 tend to
over-predict the experimental and nominal pressure values downstream of the shock, however c3 exhibits
behavior similar to the experimental results, relat ive to the nominal solut ion, for x=h � 26.

Examining L s shows that relat ive to the nominal predict ion, c1 separates further downstream while
c3 separates upst ream. This t rend is reversed in the L r predict ion, where c1 reat taches upst ream of the
nominal and c3 reat taches downstream. With respect to bubble size, c1 produces a value 28% smaller and
c3 produces a value 20% larger than the nominal predict ion. In both bubble size and L r the c1 and c3
perturbat ions bound the the nominal predict ion as well as the experimental results, while with respect to L s
only the nominal predict ion is bounded. This bounding behavior is displayed more prominent ly in the wall
shear st ress pro�les, �wal l , where crossing the�wal l = 0 dot ted line indicates the separat ion and reat tachment
locat ions.

It is important to note that the TAP method is not just changing valuesmeasured at thewall but within
a volume of the ! ow, which has an e�ect throughout the domain. This is evident in Fig. 10 which shows
the changes in bubble size between c1, c2, c3, and the nominal solut ions (st reamlines). Concurrent with the
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A Data-Driven, Physics-Informed 
Approach  

Based on Bayesian Inference

Our Approach



Two Scenarios of Industrial CFD Simulations

❖ Monitoring / Forecasting

❖ Support Design/Optimization

26
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Wind Farm
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LiDAR 
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Data Processing

Wind Turbine Wind Turbine

Sparse Measurement Data 
(Velocity, turbulence intensity)

Computational Model Prediction

Full-Field Model Prediction 
(Velocity, turbulence intensity)

CFD Models

Empirical Knowledge

Empirical Knowledge 
(Velocity, turbulence intensity)

Data Assimilation
Algorithm

Data Fusion

Improved Full-Field Prediction

Feedback Control Strategy

CFD to Support 
System Monitoring

Real-time 
streamed sensor 
data are available 
but are sparse
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RANS solver

Bayesian inference

Input

Embedded closure models
Numerical simulator

?

Input

Numerical simulator
(Black-box)

Observation
data

Prediction with 
posterior 
uncertainty
distribution

Prediction uncertainty of
assumed distributions
(e.g. Gaussian process)

Prediction with uncertainties
propagated from 
closure models

* Physical-based priors for
closure model uncertainty

(a) Traditional Black-Box, 
Physics-Neutral Approach

(b) Proposed Open-Box, 
Physics-Informed Approach

Observation
data

Prediction with 
posterior 
uncertainty
distribution

Bayesian inference

* Prior with user specified 
empirical knowledge

Post-processing
primary output

Post-processing
primary output

Uncertainty Injection

Uncertainty Injection

Applications: tsunami inundation risk of a coastal town, probabilistic design of a wind-turbine 
 blade-hub junction, safety assessment of a generic nuclear power plant

N (U)

=

r · (⌧ rans + �⌧ )

Model the 
discrepancy 
as zero mean 
random field.



constrain the uncertainty space through a physics-based parameterization [15,16]:
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where k is the TKE; a is the anisotropy tensor; V = [v1, v2, v3] and ⇤ = diag[�1,�2,�3] are its
orthonormal eigenvectors and eigenvalues, respectively, with �1 + �2 + �3 = 0. The decomposition
transforms the Reynolds stress to a space represented by six variables with clear physical inter-
pretations: k is the amplitude of ⌧ij ; �1, �2 indicate its shape; and v1, v2, v3 are its orientation.
Physically realizability of ⌧ij is ensured by constraining all perturbed Reynolds stresses such that k
is positive and that appropriate transformation of �1 and �2 reside within the Lumley triangle [17]
or Baycentric triangle [18] shown in Fig. 1.

(a) (b)

Figure 1: Physics-based prior for modeled Reynolds stress ⌧ (x). (a) The Lumley triangle [19] provides a
guide to ensure physical realizability of the prior for ⌧ . (b) Baycentric triangle [18] provides similar physical
realizability map but is more convenient for interpretation and implementation as the coordinates is a linear
combination or �1 and �2.

Jinlong: can you change the edge colors in the Lumley triangle, so that they correspond to the
Baycentric triangle? Also, the PS/AE/AC figures are blurred. I remember you have a better
version in your “turbulence modeling” project proposal. Please use those instead.

2.1.3 Smooth spatial distribution of Reynolds stress tensors

The Reynolds stress uncertainties at each cell can be di↵erent. A naiver parameterization of
the spatial distribution can lead to a large number of degrees of freedom (DOFs) that can be
prohibitively expensive for the inversion. However, physically the modeling errors of ⌧ can vary in
di↵erent regions of the flow but should be smooth in general. Length scale of this variation should
roughly correspond to that of the turbulence itself [20]. The smoothness allows us to parameterize
the distribution using appropriate basis sets such as the eigenfunctions of the covariance function as
in the Karhunen–Loeve (KL) expansion [21], orthogonal polynomials [22,23], wavelets [24], or radial
basis functions (RBF) [25]. The optimal choice of basis set depends on the specific characteristics
(e.g., smoothness, locality of support) of the prior. For example, one can model the perturbation
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where k is the TKE; a is the anisotropy tensor; V = [v1, v2, v3] and ⇤ = diag[�1,�2,�3] are its
orthonormal eigenvectors and eigenvalues, respectively, with �1 + �2 + �3 = 0. The decomposition
transforms the Reynolds stress to a space represented by six variables with clear physical inter-
pretations: k is the amplitude of ⌧ij ; �1, �2 indicate its shape; and v1, v2, v3 are its orientation.
Physically realizability of ⌧ij is ensured by constraining all perturbed Reynolds stresses such that k
is positive and that appropriate transformation of �1 and �2 reside within the Lumley triangle [17]
or Baycentric triangle [18] shown in Fig. 1.
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Figure 1: Physics-based prior for modeled Reynolds stress ⌧ (x). (a) The Lumley triangle [19] provides a
guide to ensure physical realizability of the prior for ⌧ . (b) Baycentric triangle [18] provides similar physical
realizability map but is more convenient for interpretation and implementation as the coordinates is a linear
combination or �1 and �2.

Jinlong: can you change the edge colors in the Lumley triangle, so that they correspond to the
Baycentric triangle? Also, the PS/AE/AC figures are blurred. I remember you have a better
version in your “turbulence modeling” project proposal. Please use those instead.

2.1.3 Smooth spatial distribution of Reynolds stress tensors

The Reynolds stress uncertainties at each cell can be di↵erent. A naiver parameterization of
the spatial distribution can lead to a large number of degrees of freedom (DOFs) that can be
prohibitively expensive for the inversion. However, physically the modeling errors of ⌧ can vary in
di↵erent regions of the flow but should be smooth in general. Length scale of this variation should
roughly correspond to that of the turbulence itself [20]. The smoothness allows us to parameterize
the distribution using appropriate basis sets such as the eigenfunctions of the covariance function as
in the Karhunen–Loeve (KL) expansion [21], orthogonal polynomials [22,23], wavelets [24], or radial
basis functions (RBF) [25]. The optimal choice of basis set depends on the specific characteristics
(e.g., smoothness, locality of support) of the prior. For example, one can model the perturbation
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What do we know about Reynolds stresses?
• Symmetric tensor field with 

physical realizability constraints:

29

References: M. Emory, R. Pecnik, G. Iaccarino, AIAA 2011;  C. Gorle, G. 
Iaccarino, POF 2013; M. Emory, J. Larsson, G. Iaccarino, POF 2013; 

Inject uncertainty  
only in the  
realizable range



❖ Reynolds stress field (and its discrepancies) are 
smooth, with length scales comparable to the length 
scale of the mean flow features.

❖ Certain regions are more problematic for RANS 
models: separation, mean flow curvature, adverse 
pressure gradient etc. 

30

What do we know about Reynolds stresses?

general flow direction

hill crest

free-shear region

recirculation region

Rather robust! 
Not limited to one 

particular flow.



Physics Based Prior: Summary

⌧ �! (k,�1,�2) �! (k,C1, C2) �! (k, ⇠, ⌘)
Perform RANS baseline simulation:

where exp(�k), �⇠, and �⌘ are random fields, and the spatial coordinate (index of the random159

fields) x is explicitly written here to emphasize this fact.160

Remark: The multiplicative discrepancy of the turbulent kinetic energy is modeled as161

exp[�k(x)] in Eq. (2a) to ensure the non-negativity of k, provided that RANS prediction162

k̃rans(x) is non-negative.163

Perturbing the orientations of the modeled Reynolds stress tensor can potentially lead to164

reverse di↵usion in the RANS momentum equations and thus causes instability (Iaccarino,165

personal communication). Consistent with the work of Iaccarino et al., we focus on the mag-166

nitude k and shape (�
1

and �
2

, or equivalently ⇠ and ⌘), and do not introduce uncertainties167

into the orientations, i.e., �v
1

= �v
2

= �v
3

= 0.168

2.2.3. Spatial smoothness of Reynolds stress distribution169

To ensure spatial smoothness and to reduce the dimension of the uncertainty space, the170

random fields to be inferred (�k, �⇠, �⌘, generically denoted as � here) are projected to a171

deterministic functional basis set {�
i

(x)}. That is,172
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where the coe�cients of the ith mode !k

i

, !⇠

i

, and !⌘

i

are random variables3, depending on the173

realization of the random variables ✓k, ✓⇠, and ✓⇠, respectively, and �
i

(x) are deterministic174

spatial basis functions. An orthogonal basis set is chosen in this work, but this is not175

mandatory.176

Remarks: The mapping in Section refsec:phys-rep involves mapping of Reynolds stress177

at a given point in the spatial domain, and the purpose is to ensure the physical realizability178

of the Reynolds stresses in the prior. The orthogonal projection in Section 2.2.3 involves179

mapping a spatial distribution function onto a functional basis, with the purposes of ensuring180

spatial smoothness and reducing uncertainty dimensions.181

3Throughout the manuscript, subscripts indicate indices, and superscripts denote explanation of the

variable. For example, !k

i

is the coe�cient for the ith mode in the expansion of the discrepancy field �k for

the TKE k.
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basis functions
Reynolds stress field is parameterized with a small 
number of coefficients:

being truncated to m modes4:208

! ⌘ [!k

1

, !⇠

1

, !⌘

1

, !k

2

, !⇠

2

, !⌘

2

, · · · , !k

m

, !⇠

m

, !⌘

m

] (6)

We will employ an iterative, ensemble-based Bayesian inference method [28] to combine209

the prior knowledge as represented as described above and available data to infer the dis-210

tribution of !. This method is closely related to ensemble filtering methods (e.g., ensemble211

Kalman filtering), which are a class of standard data assimilation techniques in numerical212

weather forecasting [29].213

An overview of the ensemble Kalman-based inverse modeling procedure is presented in214

Fig. 2. In the iterative ensemble method, the state of the system x defined to include both215

the physical variables (i.e., velocities) and the unknown coe�cients !, i.e., x ⌘ u,!]T , which216

is called “state augmentation” [28]. One starts with an ensemble of states {x
j

}N
j=1

drawn217

from their prior distributions. During each iteration, all samples in the ensemble are updated218

to incorporate the observations, via the following procedure:219

1. reconstructing Reynolds stresses from the coe�cients !,220

2. computation of velocity fields from the given Reynolds stress fields by solving the RANS221

equations (implemented as forward model tauFoam, detailed in Section 3, and222

3. a Kalman filtering procedure to assimilate the velocity observation data to the computed223

states, leading to an updated ensemble incorporating the observation data.224

The updating procedure is repeated until the ensemble is statistically converged, which is225

considered a sample-based representation of the posterior distribution of the system state,226

from which the mean, variance, and higher moments can be computed. The algorithm of227

the inversion scheme is presented in the Appendix. The readers referred to [28] for further228

details.229

An important property of the iterative ensemble Kalman method is that the posterior230

ensembles and its mean all lie in the linear spaceX spanned by the prior ensemble. In essence,231

this scheme attempts to search the space X to find the optimal solution that minimizes (in232

the L2 norm sense) the misfit between the posterior mean and the observations, accounting233

for the uncertainties in both. As with many inverse problems, this problem is intrinsically234

ill-posed. Specifically, because of the sparseness of the observation (the scenario of concern235

in our work), the amount of data is usually not su�cient to constrain the uncertainties in236

4It is possible and trivial for each variable to have di↵erent number of modes, but this possibility is

omitted here to simplify notation.
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from the Barycentric to the natural coordinate the physically realizable turbulent stresses150

enclosed in the Barycentric triangle (Fig. 1a) is transformed to a square (Fig. 1b), i.e.,151

{(⇠, ⌘)|⇠ 2 [�1, 1], ⌘ 2 [�1, 1]}, which is more convenient for parameterization. Details of152

the mapping is shown in the Appendix. In summary, we transform the Reynolds stress tensor153

to six physical dimensions denoted as (k, ⇠, ⌘,v
1

,v
2

,v
3

). All mappings involved are linear154

and invertible except for a trivial singular point in (C
1

, C
2

, C
3

) 7! (⇠, ⌘).155

(a) Barycentric coordinate (b) natural coordinate

Figure 1: Mapping between the Barycentric coordinate to the natural coordinate, transforming the Barycen-

tric triangle (enclosing all physically realizable states) [16, 23] to a square via standard finite element shape

functions. Corresponding edges in the two coordinates are indicated with same colors. The singular point

3/4 in the Barycentric coordinate, which maps to the edge 3–4 in the natural coordinate does not pose any

practical di�culties.

The figure needs some work. Added full text for labels (1C, 2C, 2CI etc.). Remove

(�1, 1) etc. Explain node numbering.

After the mapping of Reynolds stress ⌧ and ⌧̃ rans to the physically meaningful dimen-156

sions, i.e., k, ⇠, ⌘, etc., uncertainties are injected to the projected space on these variables.157

Specifically,158

k(x) = k̃rans(x) exp[�k(x)] (2a)

⇠(x) = ⇠̃rans(x) + �⇠(x) (2b)

⌘(x) = ⌘̃rans(x) + �⌘(x) (2c)

7

truth
RANS 
prediction

discrepancy

Physics Based Dimension Reduction!



Modes and Realizations of Discrepancy

(a) mode 1 (b) mode 2 (c) mode 3 (d) mode 4

(e) mode 5 (f) mode 6 (g) realization 1 (h) realization 2

Figure 4: Illutstration of KL expansion modes of the periodic hill case. All the modes have been shifted and

scaled into the range between 0 (lightest) and 1 (darkest) to facilitate presentation, and the legend is thus

omitted. Panels (a) to (f) represent modes 1 to 6, respectively. Lower modes are more important. Panels

(g) and (h) show the turbulent kinetic energy associated with two typical realizations of the Reynolds stress

discrepancy fields.

interest in the flow over periodic hills. Therefore, we identify three quantifies of interest for370

this case: (1) the velocity field, in particular the velocities in the recirculation zone and371

reattached flow region windward of the hill, (2) the distribution of shear stresses ⌧
w

on the372

bottom wall, and (3) the reattachment point x
attach

. Other quantities that are important in373

engineering design and analysis (e.g., friction drag, form drag, size of separation bubble) are374

closely related to the three QoIs above.375

The prior and posterior ensembles of the velocities are presented in Fig. 5 with comparison376

to the DNS benchmark results. The geometry of the domain is also shown to facilitate377

visualization. From Fig. 5a it can be seen that the prior mean velocity profiles are very close378

to those from the baseline RANS simulation, with only minor di↵erences at a few locations379

(e.g., near the bottom wall at x/H = 4, 5, and 6). This is not surprising, since the Reynolds380

stresses prior ensemble use the RANS modeled Reynolds stress ⌧̃ rans as the mean. In other381

words, the ensemble is obtained by introducing perturbations to the ⌧̃ rans. Therefore, the382

similarity between the velocity profiles in the baseline simulation and those of the prior383

ensemble indicates that the mapping from Reynolds stress to velocity is approximately linear384

with respect to the perturbations introduced to the prior Reynolds stresses ensemble. Clearly,385
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• The prior is modeled as a Gaussian process:  
 

• Basis functions are obtained with Karhunen-
Loeve expansion.  The prior knowledge is 
encoded in the basis functions.

2.2.4. Representation of problem-specific prior knowledge182

Finally, Problem-specific knowledge are encoded in the choice of basis set {�
i

}. In the183

following we will use the flow over periodic hills as example to illustrate the representation184

of the problem-specific prior knowledge.185

We model the prior of the discrepancies �k, �⇠ and �⌘ as zero-mean Gaussian random186

fields GP(0, K), also known as Gaussian processes, where187

K(x, x0) = �(x)�(x0) exp

✓
� |x� x0|2

l2

◆
(4)

is the covariance kernel indicating covariance at two locations x and x0. The variance �(x)188

is a spatially varying field specified as shown in the flood contour in Fig. ?? to reflect the189

prior knowledge that large discrepancies in modeled Reynolds stress are expected in three190

aforementioned regions (indicated in darker colors). The correlation length scale l can be191

specified based on the local turbulence length scale (e.g., by following a similar procedure as192

in [24]), but is taken as constant in this work for simplicity.193

The orthogonal basis functions �
i

(x) in Eq. (3) take the form �
i

(x) =
p
�̂
i

�̂
i

(x), where194

�̂
i

and �
i

(x) are eigenvalues and eigenfunctions, respectively, of the kernel K in Eq. (4)195

computed from the Fredholm integral equation [25]:196

Z
K(x, x0)�̂(x0) dx0 = �̂�̂(x) (5)

The expansions Eq. (3) for the fields �k, �⇠ and �⌘ become Karhunen–Loeve (KL) expan-197

sion [25], such that !k

i

are uncorrelated random variables with zero mean and unit variance,198

and so are !⇠

i

and !⌘

i

.199

Remarks. The Gaussian process and KL expansion are introduced under “problem-specific200

prior knowledge” subsection to emphasize the fact that they are our choice for this problem201

and prior knowledge only. The optimal choice of basis set depends on the specific char-202

acteristics (e.g., smoothness, locality of support) of the prior. Other functional basis sets203

including wavelets [26] or radial basis functions [27] will be explored in future works.204

2.3. Inverse Modeling Based on an Iterative Ensemble Kalman Method205

After the transformation above the Reynolds stresses ⌧x, which is modeled as a random206

field, is parameterized by the coe�cients in Eq. (3), written in a vector form as follows after207

9



Summary of the UQ Algorithm
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Ensemble of Augmented States

Forward Model 
(RANS solver with 

parameterized Reynolds 
stress corrections)

Analysis 

Ensemble-Based Filtering/Smoothing

Observations
(Experimental or 

LES data)
Ensemble of 

Propagated States
Ensemble of 

Analyzed States

Physics-Based
Prior 

Distributions

Correction 

(1) (2)

(3)

Sampling

(4)(5) (6)

(Physical Variables 
 + Parameters)
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Simple Model
+

Sparse Data 
+ 

Physics-Based Prior Knowledge
= 

Predictions 
(better than advanced models)
with quantified uncertainties

34

(standard RANS 
 models)

(velocity observations)

[1]. H. Xiao, J.-L. Wu, J.-X. Wang, R. Sun, and C. J. Roy. Quantifying and reducing 
model-form uncertainties in Reynolds averaged Navier-Stokes equations: An open-
box, physics-based, Bayesian approach. Submitted to JCP, 2015.



Test Case 1: 
Flow Over Periodic Hills

35

general flow direction

hill crest

free-shear region

recirculation region

Shown previously.



Prior and Posterior Velocities

samples sample mean baseline

DNS observations

Prior

Posterior

36

(a) Prior velocities ensemble

(b) Posterior velocities ensemble

Figure 5: The prior and posterior ensembles of velocity profile for the flow over periodic hill at eight locations

x/H = 1, · · · , 8 compared with benchmark data and baseline results. The locations where velocities are

observed are indicated with crosses (⇥).

21



complex, coupled dynamic systems. Velocities at di↵erent points can be correlated due to459

continuity requirements and pressure. It is well known that the pressure is described by an460

elliptic equation (for incompressible flows), which has whole-domain coupling characteristics.461

samples sample mean baseline DNS (Breuer et al. 2009)
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(b) Posterior ensemble

Figure 7: (a) Prior ensemble and (b) posterior ensemble of the bottom wall shear stress ⌧
w

(top panels)

and reattachment point x
attach

(bottom panels) for the flow over periodic hills. The region with negative

shear stress ⌧
w

indicates the extent of recirculation zone on the bottom wall. The reattachment point is the

downstream end of the recirculation zone, which can be determined by the location at which the wall shear

stress changes from negative to positive. Note that certain samples in the ensemble have two recirculation

zones that are very close to each other. In these cases the reattachment point of the downstream one is

taken.

The comparison of 95% credible interval obtained from the prior and posterior ensemble462

of wall shear stresses are presented in Figure 8. Similar reduction of model-form uncertainty463

as shown in Fig. 6 is observed here. Compared to that in the prior, the 95% credible interval464

in the posterior has a much smaller uncertainty and a better coverage of the benchmark data465

in the region between x/H = 1 and 5. This is because there are more observations available466

in the vicinity. Admittedly, in some regions, e.g., between 0 < x/H < 1 and 8 < x/H < 9,467

the posterior credible interval does not improve or even deteriorate compared to the prior,468

24

Prior and Posterior of Other QoIs
QoIs: Shear stress on bottom wall; reattachment point 

(obtained by post-processing of velocity field)

37



Effects of Physical Prior Knowledge
❖ Prior knowledge helps improving results.

❖ It is easy to incorporate prior knowledge in the current 
framework, even for those empirical, imprecise 
experiences in engineering.

38(a) (b)

(c) (d)

Figure 12: Posterior wall shear stress and reattachment point. The change of wall shear stress from

negative to positive indicates the end of the recirculation zone. (a) The wall shear stress obtained

from constant � field; (b) The wall shear stress obtained from � field with prior knowledge; (c) The

reattachment point obtained from constant � field; (d) The reattachment point obtained from �

field with prior knowledge.

18

general flow direction

hill crest

free-shear region

recirculation region

Constant variance  
(no prior knowledge)

DNSposterior mean

baseline

DNSposterior mean

baseline

(Wang et al. 2015)

[2] J.-X. Wang, J.-L. Wu, and H. Xiao. Incorporating prior knowledge for quantifying and 
reducing model-form uncertainty in RANS simulations. Submitted to IJUQ, November, 
2015.
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observations

samples sample mean baseline

DNS (Breuer et al. 2009)

(a) U
x

with non-informative �(x)

(b) U
x

with informative �(x)

Figure 9: The posterior ensembles of velocity U
x

profiles of case D1 and case D2, in which the observations

are from DNS benchmark. (a) The variance field �(x) of case D1 is spatially uniform (�(x) = 0.7), (b) The

variance field �(x) of case D2 is informative (�
min

= 0.2, �
max

= 0.7). The ensemble profiles are shown at

eight locations x/H = 1, · · · , 8, compared with the baseline results and DNS benchmark. The locations

where velocities are observed are indicated with ⇥.
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Test Case II: Flow in a Square Duct

40

3.1.2. Flow in Square Duct

The fully developed turbulent flow in a square duct is a widely known case for which

RANS models fail to predict the secondary flow induced by Reynolds stress imbalances [22].

A schematic is presented in Fig. 9 to show the physical domain, major features of the

flow, and the dimensions of the computational domain. Since the flow is fully developed

in the streamwise direction, a two-dimensional simulation is performed. The computational

domain only covers a quarter of the cross-section as shown in Fig. 9b based on the symmetry

of the computational domain along y and z directions. All lengths are normalized by the

height of the computational domain h = 0.5D, where D is the height of the duct. The

Reynolds number Re is based on duct height D and bulk velocity Ub. The Reynolds stress

discrepancies are calibrated on the flow at Re = 1⇥ 104, and predictions are made for flows

at Re = 8.3⇥ 104 and 2.5⇥ 105.

In-plane 
secondary flow

Main 

flow

Axis of
symmetry

  : Lines along which secondary 
flow velocities are shown later.

(a)

(c)

(b)

Figure 9: Domain shape for the flow in a square duct. The x coordinate represents the streamwise direction.

Secondary flows induced by Reynolds stress imbalance exist in the y–z plane. Panel (b) shows that the

computational domain covers a quarter of the cross-section of the physical domain. This is due to the

symmetry of the mean flow in both y and z directions as shown in panel (c).

As in the periodic hill cases presented above, we only consider uncertainties in parameters

24

The flow features in-plane secondary flow vortexes, which 
cannot be predicted by standard RANS models.



Prior In-plane 
velocity:

41

Black: DNS  
Red: Baseline RAN 
Blue: sample mean

Prior scaled by  a factor  
of 0.3 clarity

(a) (b)

(c) (d)

Figure 12: Prior and posterior velocity profiles at four spanwise locations y/h = {0.25, 0.5, 0.75, 1}. (a) prior
of U

y

, (b) prior of U
z

, (c) posterior of U
y

, (d) posterior of U
z

. All the profiles are scaled by a factor of 1/2,

and the sample profiles of prior are scaled by an additional factor of 0.3 for clarity.
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(a) (b)

(c) (d)

Figure 12: Prior and posterior velocity profiles at four spanwise locations y/h = {0.25, 0.5, 0.75, 1}. (a) prior
of U

y

, (b) prior of U
z

, (c) posterior of U
y

, (d) posterior of U
z

. All the profiles are scaled by a factor of 1/2,

and the sample profiles of prior are scaled by an additional factor of 0.3 for clarity.
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Posterior In-plane 
velocity:
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QoI: 
In-plane  
Velocity

predicting the in-plane flow. Specifically, all isotropic eddy viscosity models completely miss570

the secondary flow, which is explained by the negligible @U
y

/@y and @U
z

/@z terms and the571

Boussinesq assumption that Reynolds stress is proportional to local strain rate of the mean572

flow. Even advanced models (e.g., Reynolds stress transport models) tend to underestimate573

the flow intensity [38]. Admittedly, velocity observations at some locations are used in this574

method, but the amount of data used in the inference is rather small compared to the total575

degrees of freedom of the Reynolds stress field.576

Main 

Flow

DNS Posterior mean

Figure 16: Comparison of the velocity field in a square duct between the posterior mean and benchmark

DNS data.The length and direction of an arrow indicate the magnitude and direction, respectively, of the

in-plane flow velocity. The plots are arranged such that a perfect agreement between the two would show as

exact symmetry of the two panels along the vertical center line. The vector field from the baseline RANS

prediction is omitted since it is uniformly zero.

As mentioned above, the normal stress imbalance ⌧
yy

� ⌧
zz

is the main driving force577
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Test Case III: Wing-Body Junction Flow

43

Flow direction

Wing

Plate (body)

Figure 2: Domain shape of the wing–body junction flow. The x-, y- and z-coordinates are aligned with

streamwise, spanwise of the plate and spanwise of the airfoil, respectively. The locations where velocities are

observed are indicated as crosses (⇥).

in the experimental data. The arrangement of observations are based on the analysis of202

mean flow correlation as shown in Fig. 3. Plane A is the symmetrical plane upstream of203

leading edge, where the horseshoe vortex system develops. Plane C is the secondary flow204

plane downstream of the corner region of the trailing edge. Plane B is another secondary205

flow plane within the junction. It can be seen that the velocity correlation between plane206

A and plane C is weak, which indicates that the observation information from plane A has207

little influence upon the mean flow field around the corner separation region. Such weak208

correlation is also confirmed by a recent NASA experiment [14]. In contrast, the correlation209

between plane B and plane C is much stronger as shown in Fig. 3b. Therefore, the observation210

data from plane B would have more influence upon the inference performance in plane C.211

It should be noted that the Ensemble Kalman Filter used in this framework relies on the212

mean flow correlation between observation locations and the regions without observations.213

Since both the horseshoe vortex system and the possible corner separation are of interest in214

this work, the observations are arranged at both plane A and plane B as shown in Fig. 2 to215

11

[6] Wu, Wang, Xiao. Quantifying Model Form Uncertainty in RANS 
Simulation of Wing–Body Junction Flow. Submitted to FTC.



Computational Costs
❖ A baseline RANS simulation costs T.  

Each solve with perturbed Reynolds 
stress costs 0.1T (since we are starting 
at converged velocities in the baseline).

❖ 60 samples x 10 Kalman iterations = 
600 forward evaluations

❖ Total computation CPU hours is  
600 x 0.1T = 60T 

44

❖ Samples evaluations are embarrassingly parallel: can 
run simultaneously on 60 processors.  The wall time 
is still T !



Two Scenarios of Industrial CFD Simulations

❖ Monitoring / Forecasting

❖ Support Design/Optimization
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What If There Are No Data Available? 

❖ Typical design cycle in civil aviation

❖ During engineering design (airplane etc.), the 
system has not been built yet: no data available!

❖ However, data may be available at a down-scaled 
model at a lower Reynolds number, or from a 
previous models of the same product line.

46



Vision for CFD in Support of Engineering 
Design and Optimization

47

Calibration Cases (w/ data) Prediction Cases (w/o data)

Similar configuration with  
different:

• Twist

• Sweep angles

• Airfoil shape

A few configuration with 
data (DNS or 
measurements)
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Re=2800 Re=10595

Is The Discrepancy of Anisotropy Universal?

       [3] J.-L. Wu, J.-X. Wang, 
and H. Xiao. A Bayesian 
calibration-prediction 
method for reducing model-
form uncertainties with 
application in RANS 
simulations. Flow, 
Turbulence and Combustion, 
2016.

Probably!

�⇠

�⌘



Calibration at Re = 2800 (with Data)

49

observations

samples sample mean baseline

DNS (Breuer et al. 2009)

(a) Prior ensemble of velocities

(b) Posterior ensemble velocities

Figure 5: Calibration of Reynolds stress discrepancies based on velocity observations in the flow over periodic

hill at a low Reynolds number Re = 2800. This figure shows the (a) prior and (b) posterior ensembles of

velocities at eight locations, x/H = 1, 2, · · · , 8. Black crosses (⇥) denote locations where velocity observations

are available.

14

prior

posterior



Prediction at Re=10595 (No Data)
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samples sample mean baseline DNS (Breuer et al. 2009)

Figure 7: Ensemble of predicted velocity profiles of the flow over periodic hills of Re = 10595 at eight

streamwise cross-sections x/H = 1, 2, · · · , 8 compared with benchmark data and baseline results.

(a) Calibration case at Re = 2800 (b) Prediction case at Re = 10595

Figure 8: Posterior ensembles of shear stress ⌧
w

on the bottom wall and reattachment points x
attach

for the

flow over periodic hills, showing both (a) the calibration case at Re = 2800 and (b) the prediction case at

Re = 10595. The regions with negative wall shear stresses on the bottom wall are recirculation zones. The

reattachment point is determined by the change of wall shear stress from negative to positive, which is the

downstream end of the recirculation zone.

18

❖ Predictions still good even without data.
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Reynolds number, i.e., the decrease of laminar viscosity. The decreased magnitude of

wall shear stress can also explain the seemingly less uncertainty of posterior ensem-

ble shown in Fig. 5b at most locations. The uncertainty of posterior ensemble here

should be still greater for the prediction step, which is more obvious at locations from

x/H = 0 to x/H = 1 and from x/H = 8 to x/H = 9. For the other locations, the

greater uncertainty of prediction step is less obvious due to the decreased magnitude

of wall shear stress.
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(a) Calibration of Re = 2800
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(b) Prediction of Re = 10595

samples sample mean baseline DNS

Figure 5: The wall shear stress ⌧
w

and reattachment point x
attach

of flow over periodic hills of

Re=10595. The extent of negative wall shear stress indicates the length of recirculation zone. The

reattachment point is determined by the change of wall shear stress from negative to positive, which

also indicates the end of recirculation zone. The greater opacity of markers indicates that there are

more samples.

3.2. Flow in square duct

3.3. Calibration of Re⌧ = 600

The flow in square duct is a widely known test case for which RANS models fail

to predict the stress induced secondary flow. The geometry of the computational

domain is shown in Fig. 6. All lengths are normalized with the hydraulic diameter

D, which is the length scale commonly used in channel flow. The Reynolds number

of calibration case Re⌧ = 600 is based on D and mean friction velocity U⌧ [? ].

For the calibration process, only the uncertainties in ⇠ and ⌘ are considered. It

is due to the physical prior knowledge that stress induced secondary flow is mainly

intrigued by the anisotropy of Reynolds stresses, which is related to the invariants

of Reynolds stresses tensor. Fig. 7(c) and Fig. 7(d) show that the baseline RANS

prediction is biased since the secondary velocity is zero in the cross-section. Such bias

7

❖ Improvements for the predicted case.



Another Illustrative Example
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❖ Example for illustration: Calibrate Reynolds 
stress discrepancy in flow in square duct at Re 
=104; Predict: (1) a flow at higher Reynolds 
numbers and (2) a flow in a rectangular duct.

calibration:  
square duct flow  
@ low Re

prediction:  
square duct flow  
high Re

prediction:  
rectangular duct 
flow @ high Re

J.-L. Wu, J.-X. Wang, and H. Xiao. A Bayesian calibration-prediction method for reducing model-form 
uncertainties with application in RANS simulations. Flow, Turbulence and Combustion, 2016.
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Prediction at High Reynolds Numbers
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Figure 12: The comparison of predicted secondary velocity U
z

at Reynolds number Re = 2.5 ⇥ 105 with
experimental data (denoted as N) and with predictions from advanced turbulence models including an explicit
algebraic Reynolds stress model (EASM) and a Reynolds stress transport model (RSTM). Comparisons are
shown (a) along the vertical axis of symmetry and (b) along the diagonal. Note that the prediction does not
utilize observation data from the flow at Re = 2.5⇥ 105.

Figure 13 shows vectors plots of the secondary flow velocity in the calibration and predic-
tion cases. The vortex structures in both flows, which are at Reynolds numbers Re = 8.3⇥104

and Re = 2.5⇥105, are successfully captured as shown in Figs. 13a and 13b, respectively. In
addition, two general trends can be observed from Fig. 13 as the Reynolds number increases.
First, the secondary flow penetrates further to the corner of the duct as the Reynolds num-
ber increases. That is, the corner region where secondary flow is absent becomes smaller
with increasing Reynolds number. Second, the thickness of the secondary flow boundary
layers decreases as the Reynolds number increases, i.e., the velocity gradient @Uy/@z near
the bottom wall is increases as the flow Reynolds number increases. Both trends are con-
sistent with the findings from previous studies [23, 27]. Again, it is emphasized that these
trends are predicted without utilizing observation data from the high Reynolds number cases
(Re = 8.3⇥ 104 or Re = 2.5⇥ 105).

In addition to the favorable quantitative agreement with experimental data presented
above, we also found that the qualitative features of the flows at Reynolds numbers Re =
8.3 ⇥ 104 and 2.5 ⇥ 105 are captured well in the prediction, although full-field benchmark
data are not available for a detailed comparison. Vector plots of the posterior mean of the
calibrated and predicted secondary velocities are presented in the three panels of Fig. 13.
Comparison of Figs. 13b and 13c shows that the predicted overall flow patterns of the two
flows at Re = 8.3⇥ 104 and 2.5⇥ 105 are very similar except for the minor di↵erences near
the lower left corner and in the near wall region. This is consistent with the previous findings
reported in the literature [e.g., 23] that the general patterns of the secondary flows are not
sensitive to the increase of Reynolds number at high Reynolds numbers. A closer examination

19

Calibrate Reynolds stress discrepancy at Re = 1 x 104;  
Extrapolate discrepancy to predict for Re = 2.5 x 105



Extrapolation to Flow in a Different Geometry
upper triangle (A-C-D) is mapped to the quadrilateral (A-C-C’-D) in the rectangular
domain.

Figure 3: Schematic illustration of possible schemes for mapping the calibrated Reynolds stress discrepancies
on a square duct to a rectangular duct, which is the flow to be predicted. Dash-dotted lines indicate lines of
symmetry. Contours indicate Reynolds stress discrepancies and underlying flow structures.

The analyst must rely on the physical understanding of the flow to be predicted (i.e.,
the flow in the rectangular geometry in Fig. 3b) to decide which mapping schemes described
above are reasonable. Even though no data is directly available from the flow to be predicted,
we still utilizes the two ingredients of a Bayesian framework, prior knowledge and data, to
make predictions. The prior knowledge is formulated based on the relations between the
flows in the calibration and prediction cases, while the data come from the calibration case.
Therefore, as with the original framework of Xiao et al. [12], the extended calibration–
prediction procedure is a Bayesian framework.

2.2.3. Resampling the posterior ensemble

Once we identify a scheme for mapping the discrepancies, we can sample the posterior
distribution of the discrepancy obtained in the calibration and use them to make predic-
tions. Sampling from a statistical model of a random field can be achieved with established
methods [e.g., 19]. However, the actual implementation is not straightforward and it thus
worth a detailed discussion. There are two obstacles in the resampling of the posterior en-
semble for Reynolds stress discrepancies. First, di↵erent components in the random field are
correlated. Second, the distribution to be sampled is not given analytically but represented
by samples. The first problem can be solved by projecting the samples to the space spanned
by the eigenvectors of the covariance matrix of the random field. The covariance matrix
can be estimated from the ensemble. After the change of coordinates, each component in
a transformed sample field can be considered realization from an independent random vari-
able. The coordinate transformation decorrelates the components in the random field and

9

The flow to be predicted has a different Reynolds number 
and different geometry than the calibration case.
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(a) Experiment [28] (b) Scheme 1 (c) Scheme 2 (d) Scheme 3

Figure 14: Comparison of experimentally measured and the predicted secondary flow patterns (posterior
mean) based on three schemes of mapping Reynolds stress discrepancy from the calibration case to prediction
case. Panel (a) shows streamlines obtained from experiments [28]. Panels (b)–(d) shows predicted streamlines
based on schemes 1–3, respectively. The baseline RANS prediction is omitted here as it predicts no secondary
flows.

predicted contour patterns are similar to those of the experimental data, and the predicted
magnitude is also comparable to the experimental data. Admittedly, the predicted secondary
flow field is not exactly the same as the experimental data, e.g., the velocity magnitude is
greater than the experimental data at the near wall region and smaller than the experimental
data away from the wall. A possible reason is that the prior physical knowledge incorporated
in the scheme 3 is still far from enough to accurately account for the additional physics
introduced by the geometry change. However, it can be seen from Fig. 14 that the prediction
qualitatively captures the flow pattern, which is totally absent in baseline RANS results, with
much lower computational cost compared to high fidelity simulations. Therefore, we argue
that the proposed method provides a practical approach to quickly and approximately search
the design space with low computational costs in the preliminary design stage of engineering
systems. It will help identify the promising design candidates for the further investigations
with high fidelity simulations and/or model experiments.

4. Conclusion

Recently, Xiao et al. [12] proposed a framework for quantifying and reducing uncertainty
in RANS simulations based on sparse observations of velocities. In the present work we
extend the original framework to flows with no observation data, leading to a Bayesian
calibration–prediction method. As in the original framework, the model-form uncertainty in
RANS simulations are localized to the Reynolds stresses, which are modeled as a random
field. The uncertainty distribution of the discrepancy is first calibrated with available data
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flows.
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flow field is not exactly the same as the experimental data, e.g., the velocity magnitude is
greater than the experimental data at the near wall region and smaller than the experimental
data away from the wall. A possible reason is that the prior physical knowledge incorporated
in the scheme 3 is still far from enough to accurately account for the additional physics
introduced by the geometry change. However, it can be seen from Fig. 14 that the prediction
qualitatively captures the flow pattern, which is totally absent in baseline RANS results, with
much lower computational cost compared to high fidelity simulations. Therefore, we argue
that the proposed method provides a practical approach to quickly and approximately search
the design space with low computational costs in the preliminary design stage of engineering
systems. It will help identify the promising design candidates for the further investigations
with high fidelity simulations and/or model experiments.

4. Conclusion

Recently, Xiao et al. [12] proposed a framework for quantifying and reducing uncertainty
in RANS simulations based on sparse observations of velocities. In the present work we
extend the original framework to flows with no observation data, leading to a Bayesian
calibration–prediction method. As in the original framework, the model-form uncertainty in
RANS simulations are localized to the Reynolds stresses, which are modeled as a random
field. The uncertainty distribution of the discrepancy is first calibrated with available data
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Predicted Secondary Flow Velocity Magnitude
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Assessment of Current Framework
• + Bayesian inference utilizes disparate sources of 

information: physical constraints / empirical prior 
knowledge, observation data, and numerical 
model.

• + Same formulation for different turbulence models: 
directly perturb Reynolds stresses.

• + Not constrained by the Boussinesq assumption.

• + Inferred quantities (Reynolds stress) are physical 
and can be validated against benchmark.  We 
would know when we are wrong, in contrast to 
inferring β(x).
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Inherited from  
Iaccarino et al.



• +/–  Has the potential for extrapolation to 
different flows (preliminary success shown; more 
work ongoing).

• –  In currently assumed scenario (very sparse 
velocity data), inferred Reynolds stress are not 
accurate. But: a projection on a manifold is 
correct; possible to obtain accurate Reynolds 
stresses if given more data!

• * Adjoint model (as opposed to Ensemble 
Kalman filtering) may help retrieving better 
Reynolds stress.
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Assessment of Current Framework



Reynolds Stress Imbalance

Figure 14: Comparison of normal stresses imbalance. To improve the clarity, di↵erent ranges are used for

plotting according to the actual range of ⌧
yy

� ⌧
zz

at di↵erent locations.
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3.1.2. Flow in Square Duct

The fully developed turbulent flow in a square duct is a widely known case for which

RANS models fail to predict the secondary flow induced by Reynolds stress imbalances [22].

A schematic is presented in Fig. 9 to show the physical domain, major features of the

flow, and the dimensions of the computational domain. Since the flow is fully developed

in the streamwise direction, a two-dimensional simulation is performed. The computational

domain only covers a quarter of the cross-section as shown in Fig. 9b based on the symmetry

of the computational domain along y and z directions. All lengths are normalized by the

height of the computational domain h = 0.5D, where D is the height of the duct. The

Reynolds number Re is based on duct height D and bulk velocity Ub. The Reynolds stress

discrepancies are calibrated on the flow at Re = 1⇥ 104, and predictions are made for flows

at Re = 8.3⇥ 104 and 2.5⇥ 105.

Figure 9: Domain shape for the flow in a square duct. The x coordinate represents the streamwise direction.

Secondary flows induced by Reynolds stress imbalance exist in the y–z plane. Panel (b) shows that the

computational domain covers a quarter of the cross-section of the physical domain. This is due to the

symmetry of the mean flow in both y and z directions as shown in panel (c).

As in the periodic hill cases presented above, we only consider uncertainties in parameters
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Summary
• We developed a data-driven, physics-informed, 

Bayesian framework to quantify uncertainties in 
RANS models. 

• The Bayesian framework incorporate all sources 
of information: physical constraints + empirical 
prior knowledge, observation data, and 
numerical model. 

• Extended to cases without observation data (by 
extrapolating the inferred Reynolds stress 
discrepancy from a case with observation data).
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Thank you for your attention!
Questions!
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